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Synthesis of optimal multilayer periodic
systems: multicriterial approach and
realization of synthesized system

A .Belyaeva, A.Galuza, S.Kolomiets
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A novel effective approach to formulation and solving of a multilayer system synthesis
problem has been developed. The main characteristics of the system spectrum are used as
quality criteria to formulate the multicriteria optimization problem. The preliminary
analysis of a specific system has been shown to simplify the optimization procedure
essentially and to obtain a unique solution of the problem. A set of examples illustrates
the efficiency of the developed approach. Physical reasons for deviations of experimentally
realized system from the synthesized one have been formulated.

Pas3BuT HOBBIM MOAXOJ K IIOCTAHOBKE M PEIIeHHI0 3aJauy CHHTe3a MHOI'OCJIONHBIX CHUCTEM.
OcHOBHBIE XaPAKTEPUCTUKU CIIEKTPA CHUCTEMbl MCIIOJL30BAHLI B KAaueCcTBEe KPUTEPHEB KauyecT-
Ba, HA OCHOBE KOTOPBLIX COPMYJMPOBAHA 3aJaua MHOIOKPUTEPHAJLHON omruMusanuu. Ilo-
KasaHO, UTO IIPEeJBAPUTEJNLHBIA AHAAN3 KOHKPETHOH CHCTEeMbI IIO3BOJIIET B PsALe CIydaes
CYIIIECTBEHHO YIPOCTUTL 3a[a4y ONTHMU3AIMKU M IIOJYyUYUTL OJHO3HAUHOE ee pelleHue. Id-
(PeKTUBHOCTH IIPEAJ0KEHHOr0 MOAX0La IIPOJEMOHCTPHUPOBaHA HA psage nmpumepoB. Chopmyan-
poBaHBI (PUBUUECKHE IIPHUYMHLI BOBMOMKHBIX OTKJIOHEHUN XAPAKTEPUCTUKN JKCIIEPUMEHTAb-
HO Peasn30BAHHON CHCTEMBI OT CHHTE3MPOBAHHOM.
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Multilayer systems (MS) are the most im-
portant elements of modern optoelectronic,
optical and other devices. This is connected
with the fact that multilayer combination of
small quantities of materials provides the
systems with unique properties which differ
fundamentally from those of individual
components. Moreover, varying the geome-
try and the components, it is possible to
obtain the systems with preset properties.
The MS quality defines to a great extent the
characteristics of devices and constructions.
In this connection, in modern editions a lot
of attention is given to the problem of MS
production with preset properties [1-4]. In
the framework of MS development for vari-
ous applications, there are now the follow-
ing actual tasks: 1) selection and investiga-
tion of new materials; 2) development of
new synthesis techniques (the synthesis
means selection the optimal MS parame-
ters); 3) development of new quality criteria
describing adequately the requirements for
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coating physical characteristics; 4) develop-
ment of new technologies for MS prepara-
tion. These tasks should be solved simulta-
neously to design most effective new multi-
layer systems. The tasks 2 and 3 are
interrelated, namely, the selection of qual-
ity criterion influences the synthesis
method and vice versa.

In most cases, the synthesis problem is
solved according to the following general
scheme. At first, a scalar quality criterion
is formulated and formalized to take an ex-
treme value for optimal system (the mathe-
matical model of the system to be synthe-
sized is assumed to be known). Usually,
mean square deviation of synthesized sys-
tem characteristics from ideal ones is used
as such criterion. At the second stage, the
minimum of the obtained quality criterion
is searched for in the space of parameters
varied. The problem of such approach appli-
cation to MS synthesis is connected with a
number of mathematical difficulties. The
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main ones are the following: 1) in general,
the number of layers for a system is un-
known, so, unknown is the dimension (the
number of parameters to be varied) of the
task under consideration; 2) mean square
criterion includes a lot of similar local
minima.

Nowadays, the main systematic way to
this problem solution is the needle variation
method developed for such a class of prob-
lems [5, 6], which uses variational approach
to MS synthesis. The main merit of the
method is the absence of assumptions on the
system structure, i.e. both the layer pa-
rameters (optical constants and thicknesses)
and their number are selected. Thus, the
method is applicable to MS synthesis for
any purpose. However, the method has some
lacks. In particular, the synthesized coating
structure depends essentially on initial ap-
proximations [7]. Additionally, the practical
realization of the method is followed by
substantial difficulties. The method does
not guarantee the global character of the
minimum found. Thus, today, the problem
of MS synthesis in general approach cannot
be considered to be solved and requires de-
velopment and improvement of mathemati-
cal methods for its solution. An alternative
is the develpoment of special synthesis tech-
niques for some rather narrow class of mul-
tilayer systems. Such an approach requires
the detailed preliminary analysis of MS of
the concrete type for revealing the features
which allow to simplify the synthesis prob-
lems. In this work, such approach is real-
ized for MS of a specific type.

Among MS, multilayer periodic systems
consisting of alternating layers of materials
with low (L) and high (H) refraction indices
take a particular place. The quarter-wave
periodic systems (each layer optical thick-
ness is equal to a quarter of wavelength 1)

have resonance at a selected wavelength A,
[8] and allow producing the mirrors, filters,
and other elements for transformation of
spectra of various nature which would be
optimal for a number of tasks [9]. A usual
notation of multilayer periodic system is
[A(LH)™A], where A is the environmental
medium (air). Thus, refractive indices of
the layers L and H as well as multiplicity m
of repeating bilayer component are the main
parameters of [A(LH)™A] system.

The aim of this work is to analyze such
systems in detail, to put a problem of syn-
thesis, and to develop an effective algo-
rithm of its solving taking into account the
most of the system features revealed at
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Fig. 1. Typical transmission spectrum and
main characteristics of cut-off filter. Inset:
The scheme of quarter-wave periodic
[A(LH)™A] system.

analysis stage; as well as to illustrate its
operation using a real polymer-crystalline
system.

Multilayer interference systems of
[A(LH)™A] type are a basic construction for
cut-off filters [10]. In Fig. 1 (inset), a mul-
tilayer system with main construction pa-
rameters is shown schematically, namely,
refractive indices n; and nyg of low-refrac-
tive and high-refractive layers, respec-
tively; multiplicity m = N/2 (N is the num-
ber of the layers) of elemental two-compo-
nent system; the layer geometric thickness
d; = hy/4n;, i =1,...2m; the wavelength A,
(main wavelength) where the multilayer sys-
tem becomes quarter-wave one, i.e. has an
extreme due to first order interference.
Usually, for convenience of both theoretical
analysis and synthesis of multilayer sys-
tems, dimensionless value ¢ = Ay/A [1, 5] is
used instead of wavelength.

Fig. 1 shows the transmission spectrum
of a [A(LH)™A] cutoff system and its main
characteristics [10]:

1. Transmission maximum T, at the
boundary of operating transparency band;

2. Transmission minimum T,;, in the
high reflection range (background) corre-
sponding to wavelength A =&y (¢ = 1):

2

_ (1)
2 - n—L

3. Cut-off edge sharpness y is defined by
the relation:
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(T iy + 0-1AT) (2)
®(T yin + 0.9AT)’

where AT =T, .. — T while o(T,,;, +
0.1AT) and o(T,,;, + 0.9AT) are ¢ values
corresponding to transmission on the (T
+ 0.1AT) and (T,,;, + 0.9AT) levels;

4. The width of high reflection range
A,in 1s defined by the value of spectral
range A¢ with transmission at its bounda-
ries T,,;, + 0.5AT (Fig. 1);

5. Contribution of secondary minima into
transmission may be described by integral:

(3)

X:

min

1

2
— 1- 2d.
o) f [1 - «p]-do

o(T

trans. =

max)

For calculation of MS transmission spec-
tra, the method based on matrix descrip-
tion of thin layer characteristics (Abele
method) has been used [8].

Theoretical analysis shows that some val-
ues of system parameters may cause not a
local minimum at the point ¢ =1 (A= Ay)
but a local maximum, which is to be get rid
of during synthesis of cut-off filters. For
this purpose, the second derivative behavior
at Ay point was analyzed. Positive value of
T," (Ay) means existance of a minimum at

the point Ay [11], while negative one, a
maximum. The T,"(Ay) analysis resulted in

necessity to limit the range of permissible
values for multilayer system parameters by
the following conditions:

1<np<ng<5, (4)
T, " (hgsngg,np,m) > 0.

The first limitation is naturally imposed
on the parameters ny and n;, because nj
should be always less than ng, it takes into
consideration as well the physical limita-
tions on the choice of the materials. The
second limitation was obtained as a result
of T,"(Ay) analysis. Fig. 2 shows the region

of permissible values of 6-layer system pa-
rameters according to the condition (4). The
further analysis has shown that as the mul-
tiplicity m increases, the region correspond-
ing to the condition T,"(Ag, ng, ng, m) >0
becomes wider; hence, the requirements to
ng and n; parameters become less strict.
For optimal reflecting filter, the trans-
mission at the point A, should be minimal,
cutoff sharpness to be maximal, and the
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Fig. 2. Diagram n; and ny values admitted
range for system [A(LH)3A]: the shaded re-
gion demonstrates the range of n; and ng
parameters satisfying the conditions (4)—(6).

number and depths of secondary minima in
the operating range (transparency range) to
be minimal. At that, the width of the high
reflection range should be Ap > 0.5 (see Fig. 1).
It is known from literature that the system
main characteristics are defined by MS con-
trast defined by difference between refrac-
tion indices of the layers. In some works [5,
10, 12], such difference is formalized using
the parameter An = ng — n;. However, more
detailed analysis carried out in this work has
shown that An was not a determining parame-
ter for synthesis of optimal periodic systems,
but n; and ny parameters should be consid-
ered independently, especially for small m.

As ny increases at fixed njy, the charac-
teristics vary in the following way: T(Ag)
tends to zero, while y, A,;, and I,,,,, in-
crease, and minimum values I,.,,, are at-
tained at the minimum ny satisfying condi-
tion (4). With increasing n; at fixed ng,
T(Ag) increases (minimum T(Ay) is attained
at n; = 1), x and A,,;, decrease (maximum
% values are attained at n; = 1), and I;,,,,
grows (minimum values I,,,,, are attained
at n; = 1). With increasing m at fixed ng
and ny, the characteristics vary in the fol-
lowing fashion: T(A,) trends to zero,
grows, but the range of high reflection be-
comes narrower, and both the number and
the depth of secondary minima increase. So,
a contradiction occurs: m increase results in
improvement of some characteristics, while
some other ones change for the worse.

The analysis carried out allowed to con-
clude that to provide optimal MS charac-
teristics, the multiplicity m should not ex-
ceed 3 or 4. Moreover, spectral charac-
teristics can be improved more effectively
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using preliminary selection of the materials
with further correction by multiplicity.

Qualitative results of the analysis made
are listed in Table 1, where sign <+> means
improvement, and <—> means worsening of
the spectral characteristics at variation of
one of three parameters, two other being
fixed. It is obvious that variation of system
parameters leads to some characteristic im-
provement, while others are become wors-
ened. Some characteristics change identi-
cally (for instance, T(Ay) and y). It is worth
to note that under increasing the n; pa-
rameter (ng, m being fixed), all the charac-
teristics change for the worse, i.e. for MS
synthesis, the parameter n; should be cho-
sen as low as possible.

Thus, putting the problem for synthesis
of optimal system is complicated by ambigu-
ity of its parameters choice. Moreover,
under the synthesis, a simultaneous optimi-
zation of several values contradicting to
each other is required. Such problem is
called the problem of multicriteria optimi-
zation and requires the special mathemati-
cal methods to be solved.

So, the main spectral characteristics are:
transmission minimum in the high reflec-
tion range T(Ly), cutoff sharpness %, high
reflection range width A,,;,, depths and the
number of secondary minima described by
1,,,,.s integral. They are determined by the
main MS parameters: refractive indices of
the layers and multiplicity. It is obvious
that for ideal filter, each spectral charac-
teristic should take extreme value (maxi-
mum or minimum) on above-mentioned MS
parameters. That is why these charac-
teristics may be used to formalize the par-
tial criteria of the system optimality [13].
However, application of all the charac-
teristics for multicriteria optimization prob-
lem [14] is not obligatory, because some
thereof have similar dependences under
variation of the system parameters (Table
1). Of y and T(Ay) characteristics, only one
can be taken for partial criterion, for exam-
ple, y, while another — T(}y) — may be
represented as a limitation guaranteeing its
definite values:

T(r) < Gp), (3)

where G, is a certain positive constant
which as a rule has a value of the order of
0.1.

The high reflection range width (A,;,)
may be presented as well as a limitation,
because its extreme values are not critical;
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Table 1. Spectral characteristics of reflect-
ing multilayer periodic system depending
on MS parameters

Basic parameters Characteristics
T(}\()) x Amin Itrans.

increasing ng, np, + + + -
m — fixed

increasing n;, ngy, - - - -
m — fixed

increasing m, ng, + + - -
n; — fixed

but it is important that it should be rather
wide:

Apin 2 Gg = Ap = 0.6, (6)

where G4 is a certain positive constant (Fig. 1).

Fig. 2 shows the n;, and ny values range,
satisfying the conditions (4)—(6) for six-
layer system [A(LH)3A]. Having fixed the
minimum value n; =1 from the admitted
region according to considerations of Sec-
tion 2, the optimization problem can be re-
duced to searching for the optimal values of
only two parameters: ny and m. As a re-
sult, the multicriteria optimization problem
becomes the following form

Criteria:

f1=N; (1 -7%) - min,
f2 =Ng - I;;4ps = min,

Limitations:

n,<ng <5, (7
n, = 1,
m=2,3,,10
T,"(hgsygsnip,m) > 0,
T < Gy,
Amin z GZ’
where N; are scale coefficients aimed to re-
duce all the partial criteria to the [0-1]
interval [13].

The generalized criterion is presented as
a linear convolution of partial criteria f;
[18]:

F(ng,m) = af(ng,m) + (1 — a)fo(ng,m), (8)

where o is the weight coefficient.

The Eq.(8) was minimized as follows: for
each multiplicity m, its minimum value was
calculated [15] taking into account the limi-
tations (7), among which the minimal one
was chosen. This approach is applicable due
to discreteness and restrictiveness of a se-
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Fig. 3. Pareto set for the problem (7); f; cri-
terion characterizes sharpness, and f, — sec-
ondary extremes.

ries of possible m values and permits reduc-
ing the task to 1D minimization problem.
This significantly simplifies the calculation
process, and is no doubt among the main
merits of the approach proposed.

Detailed behavior analysis of each char-
acteristic and, consequently, the respective
criterion, depending on the MS parameters
has shown that in the region satisfying the
conditions (4) to (6) (Fig. 2), their first de-
rivatives are monotonic functions of the
system parameters. Consequently, a linear
combination of the partial criteria will have
not more than a single extreme. Thus, the
preliminary analysis has allowed to guaran-
tee the uniqueness of the solution.

Fig. 8 presents the complete solution of
the problem for multilayer system synthesis
in multi-criteria formulation (7). The line
indicates the set of unimprovable solutions
(Pareto set) [16] in the space of criteria.
The Pareto set is constructed by minimiza-
tion of generalized quality criterion for dif-
ferent (generally saying, all the possible)
values of weight coefficients. It follows
from Fig. 8 that minimum multiplicity val-
ues are provided by Pareto set points for
which sharpness and secondary extremes
possess minimal values (f; is maximal). The
sharpness is the worst, while the secondary
extremes are the best. So, the system de-
signer has a possibility to choose the solu-
tion corresponding to his concrete task. A
drawback of formulation (7) is impossibility
to affect the multiplicity value directly. In
some cases, this may restrict application of
the problem in formulation (7).

As we shall consider in what follows the
systems with minimal number of layers, now
we propose another mathematical formulation
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Fig. 4. Pareto set for the problem (9); f; crite-
rion characterizes sharpness, and f, — secon-
dary extremes; the numbers by the points indi-
cate the ny values. Dotted line coincides the
points corresponding to solution of (7) task.

of synthesis problem where the possibility
to affect the system multiplicity is taken
into account using additional partial crite-
rion fg. In this case, the problem (7) takes
the form:

Criteria:
f1=Ny-1 -y —> min
f2 =Ny - Itrans_> min,

fg = N3 - m — min,

Limitations:

ny<ng<35, 9
ny =1,

m =2,3,...,10,

T, " (hg>ngg,np,m) > 0,

Tmin b Gl’

Amin 2 G2’

where N; are scale coefficients.
The generalized criterion is a linear con-
volution of partial criteria f;:

8 (10)
F(ng,m) = Y ouf(ng,m),

i=1

where o, are weight coefficients.

The complete solution of the multilayer
system synthesis problem in multicriteria
formulation (9) is given as a family of two-
dimensional Pareto sets in the (f; — 7o) —
space for different multiplicity values m
(Fig. 4). Analysis of Fig. 4 shows that addi-
tion of one more criterion fg results in a
variety of solutions for each multiplicity
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(solid lines in the plot). In the present task,
variation of weight coefficients with addi-
tional criterion fg3 makes it possible to vary
the spectrum parameters at fixed system
multiplicity. In particular, at small multi-
plicities, it is possible to vary sharpness in
a rather wide range. Also, it follows from
Fig. 4 that selecting the high refraction
index material gives the opportunity to de-
crease substantially the secondary extremes
with insignificant sharpness drop at fixed
multiplicity. The more is m, the more im-
portant the correct choice of the material
is, because at m > 6, one can attain more
than twice decrease of the secondary ex-
tremes without significant sharpness drop
(the lines are almost parallel to I;,,,.)-

To demonstrate the efficiency of the
technique proposed, the problem of design-
ing the interference filter for far IR range
was chosen. For such systems, charac-
teristic is the requirement not only to ob-
tain the desired spectrum but to minimize
the system multiplicity m as well [9].

According to the proposed technique, the
[A(LH)™A] type MS was synthesized [17]
basing on the material with the lowest re-
fraction index n;=1.5 (polyethylene)
which may be used for a layer with low
refraction index. At fixed value n; = 1.5,
the optimization problem is reduced to
searching for optimal parameters (ng, m)
and takes the following form:

Criteria:

fi=N;-(@ -y — min,
f2:N2 'Itrans.
fg = N3 - m — min,

— min,

Limitations:

ny <ng<35, an
ny =1.5,

m = 2,3,...,10,

T, (hgsngponp,m) > 0,

T(hy) < Gy,

Amin 2 G2'

Fig. 5 shows the complete solution of the
synthesis problem for such multilayer sys-
tem in multicriteria formulation (11) as a
family of two-dimensional Pareto sets in
(f1 — o) space for different multiplicities m.

The materials which may be used in MS
for far IR as the high refraction index lay-
ers combined with polyethylene are KRS-5
(n=2.2), LIF (n =38), and Ge(n = 4) [9].
From Fig. 5, it is seen that at the points A
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Fig. 5. Pareto set for the problem (11); f;
criterion characterizes sharpness, and f; —
secondary extremes; the numbers by the
points indicate the ny values.

(ng = 3.1) and B (ny = 4.2), the values ngy
are most close numerically to n values of
the materials mentioned (LiIF and Ge), while
there are none of points with ng numeri-
cally close to the value n = 2.2 (KRS-5).

The characteristics of the system corre-
sponding to point A are: T(Rg) = 0.01, x = 0.9,
Apin = 0.6, I,.,.. = 0.1; to point B: T(Ag) =
0.001, x=0.93, A ;,,=0.75, I, = 0.18.
The system corresponding to B point has
just a bit different sharpness in comparison
with A point, but deeper secondary ex-
tremes. Thus, of the systems under consid-
eration, the one corresponding to A point
(ng = 38.1) is most preferable. However,
from the technological considerations, for
far IR it is important to lower the multi-
plicity of the system synthesized [9, 17].

In the Pareto set, three points corre-
spond to multiplicity m = 3 (Fig. 5): C (ny =
2.7, T(yg) =01, x=0.82, A,,=0.61,
Iipons. = 0.07), D (ng=4.4, T(hg) = 0.006,
x=0.88, A,,;,=0.84, I,,,. =0.18), and E
(ng =5, T(g) =0.002, v=0.89, A,;, =
0.9, I;,4ns. = 0.21). It is obvious that the C
point has ny numerically closer to n of LiF,
and the point D, to that of Ge. The MS
corresponding to D point has better spec-
trum characteristics T'(A) and y, but deeper
secondary extremes. Of the systems consid-
ered, most preferable is the one which has
better sharpness and lower background, i.e.
the system corresponding to D point. So, in
Pareto set, the point has been chosen theo-
retically which corresponds to the system
with minimal multiplicity (m = 3), low
background (T(%y) = 0.006), good sharpness

Functional materials, 13, 4, 2006
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1,00 1,25 1,50 1,75 Ag/h
Fig. 6. Transmission spectra of six-layer
[A(HL)3A] system with parameters n; =1.5;
ng =4.4 (1) and ngy = 4 (2).

(x = 0.88) and wide high reflection range
(A,;, = 0.84). For the point chosen ny =
4.4, that is closest to n value of Ge (n = 4).

In Fig. 6, theoretically calculated trans-
mission spectra of [A(LH)3A] MS with pa-
rameters ny = 1.5, ny = 4.4 and ny = 4 are
shown; it is seen that the spectra are essen-
tially the same.

Fig. 7 shows transmission spectra of syn-
thesized (curve I) and experimentally real-
ized (curve 2) multilayer [A(HL)3A] systems
with parameters m = 3, n; = 1.5, and ng = 4.
It is seen that the produced MS exhibits
some quantitative differences as compared
to calculated one. These differences may be
related to idealization of the model used for
synthesis. In this model, the following fac-
tors were not taken into consideration:
1) dispersion of refractive indices of the
layer materials; 2) absorption in the layers;
3) thickness errors of deposited layers
(deviations from quarter-wave rule); 4) scat-
tering due to roughness of the layer inter-
faces and micro-inhomogeneities in the
layer volumes. Curve 3 in Fig. 7 shows that
taking into account the factors 2 and 8 pro-
vides substantially similar spectra of ex-
perimental and synthesized systems.

To conclude, a new technique for synthe-
sis MS based on multicriteria optimization
is proposed. Detailed analysis of MS spec-
trum characteristics as functions of the
main parameters is the physical basis for
partial criteria choice. The analysis has al-
lowed: 1) to show that no MS parameter se-
lection provides the simultaneous improve-
ment of all the characteristics; 2) to con-
struct the admitted region for the system
parameters values; 3) to reduce the number
of the fitting parameters; 4) to formulate
partial quality criteria; 5) to formalize the
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Fig. 7. Transmission spectra of six-layer sys-
tem with parameters n; = 1.5; ny=4: 1 —
synthesized system; 2 — experimentally real-
ized system; 3 — system synthesized taking
into account both absorption in L-layers (k =
0.01) and random layer thickness deviations.

synthesis problem in multicriteria approach;
6) to simplify optimization procedure and to
obtain a single-valued solution of the prob-
lem. Using the synthesis problem solution
for polyethylene-germanium quarter-wave
MS as an example, it was shown how the
approach developed may be adopted to syn-
thesis of systems with specific require-
ments. The polyethylene-germanium system
has been synthesized. Physical causes for
deviations of experimental characteristics
from calculated ones have been considered.
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CuHTe3 ONTHMAJBHUX 0araTomiapoBMX IePioOTUUYHUX
cHCTeM: DaraToOKpuUTepiaJbHUN MiAXim Ta peaJiilsaiisa
CHCTE€MH, N[0 CHHTE30BaHA

A.l.Bensesa, O.A.I'anysza, C.M.Konomieyn

PosBuuyTo HOBMU mmigxim mo0 mocTaHOBKHM 1 pimenHs 3agadi cuHTe3y 0araTolrapoBUX
cucreM. OCHOBHI XapaKTepUCTUKM CIEKTPA CHCTEMH BHKOPHCTOBYIOThCA AK KpuTepii sxocTi,
Ha OCHOBiI AKHMX c(OPMYyJIbOBAaHO 3agauy OararokpurepianbHoi omrumisarii. IToxasano, 1o
momnepenHili amas i3 KOHKPETHOI cucTeMHu [gO3BOJISE Yy Pl BUIAAKIB iCTOTHO CIPOCTUTU
samauy omnruMmisarii i omep:xarm omHo3HauHe il pimrenHs. EdexkTuBHiCTh 3aIIpOIIOHOBAHOIO
HiZX0qy HPOAEeMOHCTPOBAHO HA pAi mpukjiamiB. ChopmynrproBaHo (PiSMUYHI IPUYMHU MOKJIMBUX
BIIXMJIEHb XapPaKTEePUCTUKHU €KCIIEPMMEHTAJIbLHO PeajidoBaHOl CHCTEeMH BiJ CHHTE30BaHOI.
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