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$�QRYHO�HIIHFWLYH�DSSURDFK�WR�IRUPXODWLRQ�DQG�VROYLQJ�RI�D�PXOWLOD\HU�V\VWHP�V\QWKHVLV
SUREOHP�KDV�EHHQ�GHYHORSHG��7KH�PDLQ�FKDUDFWHULVWLFV�RI�WKH�V\VWHP�VSHFWUXP�DUH�XVHG�DV
TXDOLW\� FULWHULD� WR� IRUPXODWH� WKH� PXOWLFULWHULD� RSWLPL]DWLRQ� SUREOHP�� 7KH� SUHOLPLQDU\
DQDO\VLV� RI� D� VSHFLILF� V\VWHP� KDV� EHHQ� VKRZQ� WR� VLPSOLI\� WKH� RSWLPL]DWLRQ� SURFHGXUH
HVVHQWLDOO\�DQG� WR�REWDLQ�D�XQLTXH� VROXWLRQ�RI� WKH�SUREOHP��$�VHW�RI� H[DPSOHV� LOOXVWUDWHV
WKH�HIILFLHQF\�RI�WKH�GHYHORSHG�DSSURDFK��3K\VLFDO�UHDVRQV�IRU�GHYLDWLRQV�RI�H[SHULPHQWDOO\
UHDOL]HG�V\VWHP�IURP�WKH�V\QWKHVL]HG�RQH�KDYH�EHHQ�IRUPXODWHG�
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0XOWLOD\HU�V\VWHPV��06��DUH�WKH�PRVW�LP�
SRUWDQW� HOHPHQWV� RI� PRGHUQ� RSWRHOHFWURQLF�
RSWLFDO�DQG�RWKHU�GHYLFHV��7KLV�LV�FRQQHFWHG
ZLWK�WKH�IDFW�WKDW�PXOWLOD\HU�FRPELQDWLRQ�RI
VPDOO� TXDQWLWLHV� RI� PDWHULDOV� SURYLGHV� WKH
V\VWHPV�ZLWK�XQLTXH�SURSHUWLHV�ZKLFK�GLIIHU
IXQGDPHQWDOO\� IURP� WKRVH� RI� LQGLYLGXDO
FRPSRQHQWV�� 0RUHRYHU�� YDU\LQJ� WKH� JHRPH�
WU\� DQG� WKH� FRPSRQHQWV�� LW� LV� SRVVLEOH� WR
REWDLQ� WKH� V\VWHPV� ZLWK� SUHVHW� SURSHUWLHV�
7KH�06�TXDOLW\�GHILQHV�WR�D�JUHDW�H[WHQW�WKH
FKDUDFWHULVWLFV�RI�GHYLFHV�DQG�FRQVWUXFWLRQV�
,Q�WKLV�FRQQHFWLRQ��LQ�PRGHUQ�HGLWLRQV�D�ORW
RI� DWWHQWLRQ� LV� JLYHQ� WR� WKH� SUREOHP�RI�06
SURGXFWLRQ�ZLWK� SUHVHW� SURSHUWLHV� >�Ü�@�� ,Q
WKH�IUDPHZRUN�RI�06�GHYHORSPHQW�IRU�YDUL�
RXV� DSSOLFDWLRQV�� WKHUH� DUH� QRZ� WKH� IROORZ�
LQJ�DFWXDO�WDVNV�����VHOHFWLRQ�DQG�LQYHVWLJD�
WLRQ� RI� QHZ� PDWHULDOV�� ��� GHYHORSPHQW� RI
QHZ� V\QWKHVLV� WHFKQLTXHV� �WKH� V\QWKHVLV
PHDQV� VHOHFWLRQ� WKH� RSWLPDO� 06� SDUDPH�
WHUV������GHYHORSPHQW�RI�QHZ�TXDOLW\�FULWHULD
GHVFULELQJ� DGHTXDWHO\� WKH� UHTXLUHPHQWV� IRU

FRDWLQJ�SK\VLFDO� FKDUDFWHULVWLFV�����GHYHORS�
PHQW� RI� QHZ� WHFKQRORJLHV� IRU� 06� SUHSDUD�
WLRQ��7KHVH� WDVNV� VKRXOG� EH� VROYHG� VLPXOWD�
QHRXVO\�WR�GHVLJQ�PRVW�HIIHFWLYH�QHZ�PXOWL�
OD\HU� V\VWHPV�� 7KH� WDVNV� �� DQG� �� DUH
LQWHUUHODWHG�� QDPHO\�� WKH� VHOHFWLRQ� RI� TXDO�
LW\� FULWHULRQ� LQIOXHQFHV� WKH� V\QWKHVLV
PHWKRG�DQG�YLFH�YHUVD�

,Q� PRVW� FDVHV�� WKH� V\QWKHVLV� SUREOHP� LV
VROYHG� DFFRUGLQJ� WR� WKH� IROORZLQJ� JHQHUDO
VFKHPH�� $W� ILUVW�� D� VFDODU� TXDOLW\� FULWHULRQ
LV�IRUPXODWHG�DQG�IRUPDOL]HG�WR�WDNH�DQ�H[�
WUHPH�YDOXH�IRU�RSWLPDO�V\VWHP��WKH�PDWKH�
PDWLFDO� PRGHO� RI� WKH� V\VWHP� WR� EH� V\QWKH�
VL]HG� LV� DVVXPHG� WR� EH� NQRZQ��� 8VXDOO\�
PHDQ� VTXDUH� GHYLDWLRQ� RI� V\QWKHVL]HG� V\V�
WHP� FKDUDFWHULVWLFV� IURP� LGHDO� RQHV� LV� XVHG
DV� VXFK� FULWHULRQ�� $W� WKH� VHFRQG� VWDJH�� WKH
PLQLPXP� RI� WKH� REWDLQHG� TXDOLW\� FULWHULRQ
LV� VHDUFKHG� IRU� LQ� WKH� VSDFH� RI� SDUDPHWHUV
YDULHG��7KH�SUREOHP�RI�VXFK�DSSURDFK�DSSOL�
FDWLRQ� WR�06� V\QWKHVLV� LV� FRQQHFWHG�ZLWK� D
QXPEHU� RI� PDWKHPDWLFDO� GLIILFXOWLHV�� 7KH

)XQFWLRQDO�0DWHULDOV�����1R��������� �������Û�,QVWLWXWH�IRU�6LQJOH�&U\VWDOV
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PDLQ�RQHV� DUH� WKH� IROORZLQJ����� LQ�JHQHUDO�
WKH� QXPEHU� RI� OD\HUV� IRU� D� V\VWHP� LV� XQ�
NQRZQ�� VR�� XQNQRZQ� LV� WKH� GLPHQVLRQ� �WKH
QXPEHU� RI� SDUDPHWHUV� WR� EH� YDULHG�� RI� WKH
WDVN� XQGHU� FRQVLGHUDWLRQ�� ��� PHDQ� VTXDUH
FULWHULRQ� LQFOXGHV� D� ORW� RI� VLPLODU� ORFDO
PLQLPD�

1RZDGD\V�� WKH� PDLQ� V\VWHPDWLF� ZD\� WR
WKLV�SUREOHP�VROXWLRQ�LV�WKH�QHHGOH�YDULDWLRQ
PHWKRG� GHYHORSHG� IRU� VXFK�D� FODVV� RI� SURE�
OHPV�>����@��ZKLFK�XVHV�YDULDWLRQDO�DSSURDFK
WR� 06� V\QWKHVLV�� 7KH� PDLQ� PHULW� RI� WKH
PHWKRG�LV�WKH�DEVHQFH�RI�DVVXPSWLRQV�RQ�WKH
V\VWHP� VWUXFWXUH�� L�H�� ERWK� WKH� OD\HU� SD�
UDPHWHUV��RSWLFDO�FRQVWDQWV�DQG�WKLFNQHVVHV�
DQG� WKHLU� QXPEHU� DUH� VHOHFWHG�� 7KXV�� WKH
PHWKRG� LV� DSSOLFDEOH� WR� 06� V\QWKHVLV� IRU
DQ\�SXUSRVH��+RZHYHU��WKH�PHWKRG�KDV�VRPH
ODFNV��,Q�SDUWLFXODU��WKH�V\QWKHVL]HG�FRDWLQJ
VWUXFWXUH� GHSHQGV� HVVHQWLDOO\� RQ� LQLWLDO� DS�
SUR[LPDWLRQV�>�@��$GGLWLRQDOO\��WKH�SUDFWLFDO
UHDOL]DWLRQ� RI� WKH� PHWKRG� LV� IROORZHG� E\
VXEVWDQWLDO� GLIILFXOWLHV�� 7KH� PHWKRG� GRHV
QRW� JXDUDQWHH� WKH� JOREDO� FKDUDFWHU� RI� WKH
PLQLPXP� IRXQG�� 7KXV�� WRGD\�� WKH� SUREOHP
RI�06�V\QWKHVLV�LQ�JHQHUDO�DSSURDFK�FDQQRW
EH�FRQVLGHUHG� WR�EH� VROYHG�DQG�UHTXLUHV�GH�
YHORSPHQW� DQG� LPSURYHPHQW� RI� PDWKHPDWL�
FDO�PHWKRGV�IRU�LWV�VROXWLRQ��$Q�DOWHUQDWLYH
LV�WKH�GHYHOSRPHQW�RI�VSHFLDO�V\QWKHVLV�WHFK�
QLTXHV�IRU�VRPH�UDWKHU�QDUURZ�FODVV�RI�PXO�
WLOD\HU� V\VWHPV�� 6XFK� DQ� DSSURDFK� UHTXLUHV
WKH� GHWDLOHG� SUHOLPLQDU\� DQDO\VLV� RI�06� RI
WKH�FRQFUHWH�W\SH�IRU�UHYHDOLQJ�WKH�IHDWXUHV
ZKLFK�DOORZ�WR� VLPSOLI\� WKH� V\QWKHVLV�SURE�
OHPV�� ,Q� WKLV� ZRUN�� VXFK� DSSURDFK� LV� UHDO�
L]HG�IRU�06�RI�D�VSHFLILF�W\SH�

$PRQJ� 06�� PXOWLOD\HU� SHULRGLF� V\VWHPV
FRQVLVWLQJ�RI�DOWHUQDWLQJ�OD\HUV�RI�PDWHULDOV
ZLWK�ORZ��/��DQG�KLJK��+��UHIUDFWLRQ�LQGLFHV
WDNH� D� SDUWLFXODU� SODFH�� 7KH� TXDUWHU�ZDYH
SHULRGLF� V\VWHPV� �HDFK� OD\HU� RSWLFDO� WKLFN�
QHVV�LV�HTXDO�WR�D�TXDUWHU�RI�ZDYHOHQJWK�O��KDYH� UHVRQDQFH� DW� D� VHOHFWHG�ZDYHOHQJWK�O�>�@�DQG�DOORZ�SURGXFLQJ�WKH�PLUURUV��ILOWHUV�
DQG� RWKHU� HOHPHQWV� IRU� WUDQVIRUPDWLRQ� RI
VSHFWUD� RI� YDULRXV� QDWXUH� ZKLFK� ZRXOG� EH
RSWLPDO� IRU�D�QXPEHU�RI� WDVNV� >�@��$�XVXDO
QRWDWLRQ� RI� PXOWLOD\HU� SHULRGLF� V\VWHP� LV
>$�/+�P$@�� ZKHUH� $� LV� WKH� HQYLURQPHQWDO
PHGLXP� �DLU��� 7KXV�� UHIUDFWLYH� LQGLFHV� RI
WKH�OD\HUV�/�DQG�+�DV�ZHOO�DV�PXOWLSOLFLW\�P
RI�UHSHDWLQJ�ELOD\HU�FRPSRQHQW�DUH�WKH�PDLQ
SDUDPHWHUV�RI�>$�/+�P$@�V\VWHP��

7KH�DLP�RI�WKLV��ZRUN�LV�WR�DQDO\]H�VXFK
V\VWHPV� LQ�GHWDLO�� WR�SXW�D�SUREOHP�RI� V\Q�
WKHVLV�� DQG� WR� GHYHORS� DQ� HIIHFWLYH� DOJR�
ULWKP�RI�LWV�VROYLQJ�WDNLQJ�LQWR�DFFRXQW�WKH
PRVW� RI� WKH� V\VWHP� IHDWXUHV� UHYHDOHG� DW

DQDO\VLV� VWDJH�� DV� ZHOO� DV� WR� LOOXVWUDWH� LWV
RSHUDWLRQ� XVLQJ� D� UHDO� SRO\PHU�FU\VWDOOLQH
V\VWHP�

0XOWLOD\HU� LQWHUIHUHQFH� V\VWHPV� RI
>$�/+�P$@�W\SH�DUH�D�EDVLF�FRQVWUXFWLRQ�IRU
FXW�RII�ILOWHUV�>��@��,Q�)LJ�����LQVHW���D�PXO�
WLOD\HU� V\VWHP� ZLWK� PDLQ� FRQVWUXFWLRQ� SD�
UDPHWHUV� LV� VKRZQ� VFKHPDWLFDOO\�� QDPHO\�
UHIUDFWLYH� LQGLFHV�Q/� DQG�Q+� RI� ORZ�UHIUDF�WLYH� DQG� KLJK�UHIUDFWLYH� OD\HUV�� UHVSHF�
WLYHO\��PXOWLSOLFLW\�P� �1����1�LV�WKH�QXP�
EHU� RI� WKH� OD\HUV�� RI� HOHPHQWDO� WZR�FRPSR�
QHQW� V\VWHP�� WKH� OD\HU� JHRPHWULF� WKLFNQHVV
GL� �O���QL�� L� �������P�� WKH� ZDYHOHQJWK� O��PDLQ�ZDYHOHQJWK��ZKHUH�WKH�PXOWLOD\HU�V\V�
WHP� EHFRPHV� TXDUWHU�ZDYH� RQH�� L�H�� KDV� DQ
H[WUHPH� GXH� WR� ILUVW� RUGHU� LQWHUIHUHQFH�
8VXDOO\��IRU�FRQYHQLHQFH�RI�ERWK�WKHRUHWLFDO
DQDO\VLV� DQG� V\QWKHVLV� RI� PXOWLOD\HU� V\V�
WHPV��GLPHQVLRQOHVV�YDOXH�M� �O��O� >����@� LVXVHG�LQVWHDG�RI�ZDYHOHQJWK�

)LJ���� VKRZV� WKH� WUDQVPLVVLRQ� VSHFWUXP
RI�D� >$�/+�P$@�FXWRII�V\VWHP�DQG� LWV�PDLQ
FKDUDFWHULVWLFV�>��@�

��� 7UDQVPLVVLRQ� PD[LPXP� �PD[� DW� WKHERXQGDU\�RI�RSHUDWLQJ�WUDQVSDUHQF\�EDQG�
��� 7UDQVPLVVLRQ� PLQLPXP� �PLQ� LQ� WKHKLJK� UHIOHFWLRQ� UDQJH� �EDFNJURXQG�� FRUUH�

VSRQGLQJ�WR�ZDYHOHQJWK�O� �O���M� ����
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���&XW�RII�HGJH�VKDUSQHVV�F�LV�GHILQHG�E\
WKH�UHODWLRQ�

)LJ����� 7\SLFDO� WUDQVPLVVLRQ� VSHFWUXP� DQG
PDLQ� FKDUDFWHULVWLFV� RI� FXW�RII� ILOWHU�� ,QVHW�
7KH� VFKHPH� RI� TXDUWHU�ZDYH� SHULRGLF
>$�/+�P$@�V\VWHP�

$�%HO\DHYD�HW�DO����6\QWKHVLV�RI�RSWLPDO�PXOWLOD\HU����
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ZKHUH� '7� �7PD[�Ü�7PLQ�� ZKLOH� M�7PLQ�����'7�� DQG� M�7PLQ������'7�� DUH� M� YDOXHVFRUUHVSRQGLQJ� WR� WUDQVPLVVLRQ� RQ� WKH� �7PLQ�����'7���DQG��7PLQ������'7��OHYHOV���� 7KH� ZLGWK� RI� KLJK� UHIOHFWLRQ� UDQJH
'PLQ� LV� GHILQHG� E\� WKH� YDOXH� RI� VSHFWUDOUDQJH� 'M� ZLWK� WUDQVPLVVLRQ� DW� LWV� ERXQGD�
ULHV��PLQ������'7��)LJ��������&RQWULEXWLRQ�RI�VHFRQGDU\�PLQLPD�LQWR
WUDQVPLVVLRQ�PD\�EH�GHVFULEHG�E\�LQWHJUDO�
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)RU�FDOFXODWLRQ�RI�06�WUDQVPLVVLRQ�VSHF�
WUD�� WKH� PHWKRG� EDVHG� RQ� PDWUL[� GHVFULS�
WLRQ� RI� WKLQ� OD\HU� FKDUDFWHULVWLFV� �$EHOH
PHWKRG��KDV�EHHQ�XVHG�>�@�

7KHRUHWLFDO�DQDO\VLV�VKRZV�WKDW�VRPH�YDO�
XHV� RI� V\VWHP� SDUDPHWHUV� PD\� FDXVH� QRW� D
ORFDO� PLQLPXP� DW� WKH� SRLQW� M� ��� �O� � �O��EXW�D�ORFDO�PD[LPXP��ZKLFK�LV�WR�EH�JHW�ULG
RI� GXULQJ� V\QWKHVLV� RI� FXW�RII� ILOWHUV�� )RU
WKLV�SXUSRVH��WKH�VHFRQG�GHULYDWLYH�EHKDYLRU
DW�O�� SRLQW� ZDV� DQDO\]HG�� 3RVLWLYH� YDOXH� RI7Occ� �O��� PHDQV� H[LVWDQFH� RI� D� PLQLPXP� DW
WKH� SRLQW� O�� >��@�� ZKLOH� QHJDWLYH� RQH�� DPD[LPXP�� 7KH� 7Occ�O��� DQDO\VLV� UHVXOWHG� LQ
QHFHVVLW\� WR� OLPLW� WKH� UDQJH� RI� SHUPLVVLEOH
YDOXHV� IRU�PXOWLOD\HU� V\VWHP� SDUDPHWHUV� E\
WKH�IROORZLQJ�FRQGLWLRQV�

­®̄��d�Q/���Q+�d���7Occ�O��Q+�Q/�P��!���
���

7KH�ILUVW� OLPLWDWLRQ� LV�QDWXUDOO\� LPSRVHG
RQ� WKH� SDUDPHWHUV� Q+� DQG� Q/�� EHFDXVH� Q/VKRXOG�EH�DOZD\V�OHVV�WKDQ�Q+��LW�WDNHV�LQWRFRQVLGHUDWLRQ� DV� ZHOO� WKH� SK\VLFDO� OLPLWD�
WLRQV� RQ� WKH� FKRLFH� RI� WKH� PDWHULDOV�� 7KH
VHFRQG� OLPLWDWLRQ� ZDV� REWDLQHG� DV� D� UHVXOW
RI�7Occ�O���DQDO\VLV��)LJ����VKRZV�WKH�UHJLRQ
RI� SHUPLVVLEOH� YDOXHV� RI� ��OD\HU� V\VWHP� SD�
UDPHWHUV�DFFRUGLQJ�WR�WKH�FRQGLWLRQ������7KH
IXUWKHU�DQDO\VLV�KDV�VKRZQ�WKDW�DV�WKH�PXO�
WLSOLFLW\�P�LQFUHDVHV��WKH�UHJLRQ�FRUUHVSRQG�
LQJ�WR� WKH�FRQGLWLRQ�7Occ�O���Q+��Q/��P��!��
EHFRPHV� ZLGHU�� KHQFH�� WKH� UHTXLUHPHQWV� WR
Q+�DQG�Q/�SDUDPHWHUV�EHFRPH�OHVV�VWULFW�)RU� RSWLPDO� UHIOHFWLQJ� ILOWHU�� WKH� WUDQV�
PLVVLRQ� DW� WKH� SRLQW�O�� VKRXOG�EH�PLQLPDO�FXWRII� VKDUSQHVV� WR� EH� PD[LPDO�� DQG� WKH

QXPEHU�DQG�GHSWKV�RI�VHFRQGDU\�PLQLPD�LQ
WKH�RSHUDWLQJ�UDQJH��WUDQVSDUHQF\�UDQJH��WR
EH� PLQLPDO�� $W� WKDW�� WKH� ZLGWK� RI� WKH� KLJK
UHIOHFWLRQ�UDQJH�VKRXOG�EH�'M�t������VHH�)LJ�����
,W�LV�NQRZQ�IURP�OLWHUDWXUH�WKDW�WKH�V\VWHP
PDLQ�FKDUDFWHULVWLFV�DUH�GHILQHG�E\�06�FRQ�
WUDVW� GHILQHG� E\� GLIIHUHQFH� EHWZHHQ� UHIUDF�
WLRQ�LQGLFHV�RI�WKH�OD\HUV��,Q�VRPH�ZRUNV�>��
������@��VXFK�GLIIHUHQFH�LV�IRUPDOL]HG�XVLQJ
WKH�SDUDPHWHU�'Q� �Q+�Ü�Q/��+RZHYHU��PRUHGHWDLOHG�DQDO\VLV�FDUULHG�RXW�LQ�WKLV�ZRUN�KDV
VKRZQ�WKDW�'Q�ZDV�QRW�D�GHWHUPLQLQJ�SDUDPH�
WHU�IRU�V\QWKHVLV�RI�RSWLPDO�SHULRGLF�V\VWHPV�
EXW�Q/� DQG�Qs� SDUDPHWHUV� VKRXOG�EH� FRQVLG�HUHG�LQGHSHQGHQWO\��HVSHFLDOO\�IRU�VPDOO�P��

$V�Q+� LQFUHDVHV�DW�IL[HG�Q/�� WKH�FKDUDF�WHULVWLFV� YDU\� LQ� WKH� IROORZLQJ� ZD\�� ��O��WHQGV� WR� ]HUR�� ZKLOH� F�� 'PLQ� DQG� ,WUDQV� LQ�FUHDVH�� DQG� PLQLPXP� YDOXHV� ,WUDQV� DUH� DW�WDLQHG�DW�WKH�PLQLPXP�Q+�VDWLVI\LQJ�FRQGL�WLRQ� ����� :LWK� LQFUHDVLQJ� Q/� DW� IL[HG� Q+���O��� LQFUHDVHV� �PLQLPXP���O��� LV� DWWDLQHGDW� Q/� ����� F� DQG� 'PLQ� GHFUHDVH� �PD[LPXPF� YDOXHV� DUH� DWWDLQHG� DW�Q/� ����� DQG�,WUDQVJURZV� �PLQLPXP� YDOXHV� ,WUDQV� DUH� DWWDLQHGDW�Q/� �����:LWK� LQFUHDVLQJ�P� DW� IL[HG�Q+DQG�Q/�� WKH� FKDUDFWHULVWLFV� YDU\� LQ� WKH� IRO�ORZLQJ� IDVKLRQ�� ��O��� WUHQGV� WR� ]HUR�� FJURZV�� EXW� WKH� UDQJH� RI�KLJK� UHIOHFWLRQ�EH�
FRPHV� QDUURZHU�� DQG� ERWK� WKH� QXPEHU� DQG
WKH�GHSWK�RI�VHFRQGDU\�PLQLPD�LQFUHDVH��6R�
D�FRQWUDGLFWLRQ�RFFXUV��P�LQFUHDVH�UHVXOWV�LQ
LPSURYHPHQW� RI� VRPH� FKDUDFWHULVWLFV��ZKLOH
VRPH�RWKHU�RQHV�FKDQJH�IRU�WKH�ZRUVH�

7KH� DQDO\VLV� FDUULHG� RXW� DOORZHG� WR� FRQ�
FOXGH� WKDW� WR� SURYLGH� RSWLPDO� 06� FKDUDF�
WHULVWLFV�� WKH�PXOWLSOLFLW\�P� VKRXOG� QRW� H[�
FHHG� �� RU� ��� 0RUHRYHU�� VSHFWUDO� FKDUDF�
WHULVWLFV� FDQ� EH� LPSURYHG� PRUH� HIIHFWLYHO\

)LJ����� 'LDJUDP� Q/� DQG� Qs� YDOXHV� DGPLWWHGUDQJH� IRU� V\VWHP� >$�/+��$@�� WKH� VKDGHG� UH�
JLRQ� GHPRQVWUDWHV� WKH� UDQJH� RI� Q/� DQG� QsSDUDPHWHUV�VDWLVI\LQJ�WKH�FRQGLWLRQV����Ü����

$�%HO\DHYD�HW�DO����6\QWKHVLV�RI�RSWLPDO�PXOWLOD\HU����

)XQFWLRQDO�PDWHULDOV������������� ���



XVLQJ�SUHOLPLQDU\�VHOHFWLRQ�RI�WKH�PDWHULDOV
ZLWK�IXUWKHU�FRUUHFWLRQ�E\�PXOWLSOLFLW\�

4XDOLWDWLYH� UHVXOWV� RI� WKH� DQDO\VLV� PDGH
DUH�OLVWHG�LQ�7DEOH����ZKHUH�VLJQ���!�PHDQV
LPSURYHPHQW��DQG��Ü!�PHDQV�ZRUVHQLQJ�RI
WKH� VSHFWUDO� FKDUDFWHULVWLFV� DW� YDULDWLRQ� RI
RQH� RI� WKUHH� SDUDPHWHUV�� WZR� RWKHU� EHLQJ
IL[HG��,W�LV�REYLRXV�WKDW�YDULDWLRQ�RI�V\VWHP
SDUDPHWHUV� OHDGV�WR�VRPH�FKDUDFWHULVWLF� LP�
SURYHPHQW�� ZKLOH� RWKHUV� DUH� EHFRPH� ZRUV�
HQHG�� 6RPH� FKDUDFWHULVWLFV� FKDQJH� LGHQWL�
FDOO\��IRU�LQVWDQFH��7�O���DQG�F���,W�LV�ZRUWKWR� QRWH� WKDW� XQGHU� LQFUHDVLQJ� WKH� Q/� SD�UDPHWHU��Q+��P�EHLQJ�IL[HG���DOO�WKH�FKDUDF�WHULVWLFV� FKDQJH� IRU� WKH� ZRUVH�� L�H�� IRU�06
V\QWKHVLV�� WKH� SDUDPHWHU�Q/� VKRXOG� EH� FKR�VHQ�DV�ORZ�DV�SRVVLEOH�

7KXV�� SXWWLQJ� WKH� SUREOHP� IRU� V\QWKHVLV
RI�RSWLPDO�V\VWHP�LV�FRPSOLFDWHG�E\�DPELJX�
LW\� RI� LWV� SDUDPHWHUV� FKRLFH�� 0RUHRYHU�
XQGHU�WKH�V\QWKHVLV��D�VLPXOWDQHRXV�RSWLPL�
]DWLRQ� RI� VHYHUDO� YDOXHV� FRQWUDGLFWLQJ� WR
HDFK� RWKHU� LV� UHTXLUHG�� 6XFK� SUREOHP� LV
FDOOHG� WKH� SUREOHP� RI� PXOWLFULWHULD� RSWLPL�
]DWLRQ� DQG� UHTXLUHV� WKH� VSHFLDO� PDWKHPDWL�
FDO�PHWKRGV�WR�EH�VROYHG��

6R��WKH�PDLQ�VSHFWUDO�FKDUDFWHULVWLFV�DUH�
WUDQVPLVVLRQ� PLQLPXP� LQ� WKH� KLJK� UHIOHF�
WLRQ� UDQJH� ��O���� FXWRII� VKDUSQHVV� F�� KLJKUHIOHFWLRQ�UDQJH�ZLGWK�'PLQ��GHSWKV�DQG�WKHQXPEHU� RI� VHFRQGDU\� PLQLPD� GHVFULEHG� E\
,WUDQV� LQWHJUDO�� 7KH\� DUH� GHWHUPLQHG�E\� WKHPDLQ� 06� SDUDPHWHUV�� UHIUDFWLYH� LQGLFHV� RI
WKH� OD\HUV� DQG� PXOWLSOLFLW\�� ,W� LV� REYLRXV
WKDW� IRU� LGHDO� ILOWHU�� HDFK� VSHFWUDO� FKDUDF�
WHULVWLF� VKRXOG� WDNH� H[WUHPH� YDOXH� �PD[L�
PXP� RU�PLQLPXP�� RQ� DERYH�PHQWLRQHG�06
SDUDPHWHUV�� 7KDW� LV� ZK\� WKHVH� FKDUDF�
WHULVWLFV�PD\� EH� XVHG� WR� IRUPDOL]H� WKH� SDU�
WLDO� FULWHULD� RI� WKH� V\VWHP� RSWLPDOLW\� >��@�
+RZHYHU�� DSSOLFDWLRQ� RI� DOO� WKH� FKDUDF�
WHULVWLFV�IRU�PXOWLFULWHULD�RSWLPL]DWLRQ�SURE�
OHP� >��@� LV� QRW� REOLJDWRU\�� EHFDXVH� VRPH
WKHUHRI� KDYH� VLPLODU� GHSHQGHQFHV� XQGHU
YDULDWLRQ� RI� WKH� V\VWHP� SDUDPHWHUV� �7DEOH
����2I�F� DQG�7�O��� FKDUDFWHULVWLFV��RQO\�RQHFDQ�EH�WDNHQ�IRU�SDUWLDO�FULWHULRQ��IRU�H[DP�
SOH�� F�� ZKLOH� DQRWKHU� Û� 7�O��� Û� PD\� EH
UHSUHVHQWHG�DV�D�OLPLWDWLRQ�JXDUDQWHHLQJ�LWV
GHILQLWH�YDOXHV��

7�O���d�*��� ���
ZKHUH� *�� LV� D� FHUWDLQ� SRVLWLYH� FRQVWDQWZKLFK�DV�D�UXOH�KDV�D�YDOXH�RI�WKH�RUGHU�RI
����

7KH� KLJK� UHIOHFWLRQ� UDQJH� ZLGWK� �'PLQ�PD\� EH� SUHVHQWHG� DV� ZHOO� DV� D� OLPLWDWLRQ�
EHFDXVH� LWV� H[WUHPH�YDOXHV� DUH�QRW� FULWLFDO�

EXW�LW� LV�LPSRUWDQW�WKDW�LW�VKRXOG�EH�UDWKHU
ZLGH�

'PLQ�t�*��|�'M�|����� ���
ZKHUH�*��LV�D�FHUWDLQ�SRVLWLYH�FRQVWDQW��)LJ�����)LJ����VKRZV�WKH�Q/�DQG�Qs�YDOXHV�UDQJH�VDWLVI\LQJ� WKH� FRQGLWLRQV� ���Ü���� IRU� VL[�
OD\HU� V\VWHP� >$�/+��$@�� +DYLQJ� IL[HG� WKH
PLQLPXP� YDOXH� Q/� ��� IURP� WKH� DGPLWWHGUHJLRQ� DFFRUGLQJ� WR� FRQVLGHUDWLRQV� RI� 6HF�
WLRQ����WKH�RSWLPL]DWLRQ�SUREOHP�FDQ�EH�UH�
GXFHG�WR�VHDUFKLQJ�IRU�WKH�RSWLPDO�YDOXHV�RI
RQO\� WZR� SDUDPHWHUV�� Qs� DQG�P�� $V� D� UH�VXOW��WKH�PXOWLFULWHULD�RSWLPL]DWLRQ�SUREOHP
EHFRPHV�WKH�IROORZLQJ�IRUP
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ZKHUH�1L�DUH�VFDOH�FRHIILFLHQWV�DLPHG�WR�UH�GXFH� DOO� WKH� SDUWLDO� FULWHULD� WR� WKH� >�Ü�@
LQWHUYDO�>��@���

7KH�JHQHUDOL]HG�FULWHULRQ�LV�SUHVHQWHG�DV
D� OLQHDU� FRQYROXWLRQ� RI� SDUWLDO� FULWHULD� IL>��@�

)�Q+�P�� �DI��Q+�P���������D�I��Q+�P�� ���
ZKHUH�D�LV�WKH�ZHLJKW�FRHIILFLHQW�

7KH�(T�����ZDV�PLQLPL]HG�DV�IROORZV��IRU
HDFK�PXOWLSOLFLW\�P��LWV�PLQLPXP�YDOXH�ZDV
FDOFXODWHG�>��@�WDNLQJ�LQWR�DFFRXQW�WKH�OLPL�
WDWLRQV� ����� DPRQJ� ZKLFK� WKH� PLQLPDO� RQH
ZDV�FKRVHQ��7KLV�DSSURDFK�LV�DSSOLFDEOH�GXH
WR� GLVFUHWHQHVV� DQG� UHVWULFWLYHQHVV� RI� D� VH�

7DEOH����6SHFWUDO�FKDUDFWHULVWLFV�RI�UHIOHFW�
LQJ� PXOWLOD\HU� SHULRGLF� V\VWHP� GHSHQGLQJ
RQ�06�SDUDPHWHUV�

%DVLF�SDUDPHWHUV &KDUDFWHULVWLFV
7�O�� F 'PLQ ,WUDQV�

LQFUHDVLQJ�Q+��Q/��P�Ü�IL[HG
� � � Ü

LQFUHDVLQJ�Q/��Q+��P�Ü�IL[HG
Ü Ü Ü Ü�

LQFUHDVLQJ�P��Q+��Q/�Ü�IL[HG
� � Ü Ü

$�%HO\DHYD�HW�DO����6\QWKHVLV�RI�RSWLPDO�PXOWLOD\HU����

��� )XQFWLRQDO�PDWHULDOV�������������



ULHV�RI�SRVVLEOH�P�YDOXHV�DQG�SHUPLWV�UHGXF�
LQJ� WKH� WDVN� WR� �'� PLQLPL]DWLRQ� SUREOHP�
7KLV� VLJQLILFDQWO\� VLPSOLILHV� WKH� FDOFXODWLRQ
SURFHVV�� DQG� LV� QR� GRXEW� DPRQJ� WKH� PDLQ
PHULWV�RI�WKH�DSSURDFK�SURSRVHG�

'HWDLOHG� EHKDYLRU� DQDO\VLV� RI� HDFK� FKDU�
DFWHULVWLF� DQG�� FRQVHTXHQWO\�� WKH� UHVSHFWLYH
FULWHULRQ�� GHSHQGLQJ� RQ� WKH�06� SDUDPHWHUV
KDV�VKRZQ�WKDW�LQ�WKH�UHJLRQ�VDWLVI\LQJ�WKH
FRQGLWLRQV� ���� WR� ���� �)LJ������WKHLU�ILUVW�GH�
ULYDWLYHV� DUH� PRQRWRQLF� IXQFWLRQV� RI� WKH
V\VWHP� SDUDPHWHUV�� &RQVHTXHQWO\�� D� OLQHDU
FRPELQDWLRQ�RI�WKH�SDUWLDO�FULWHULD�ZLOO�KDYH
QRW�PRUH� WKDQ� D� VLQJOH� H[WUHPH�� 7KXV�� WKH
SUHOLPLQDU\�DQDO\VLV�KDV�DOORZHG�WR�JXDUDQ�
WHH�WKH�XQLTXHQHVV�RI�WKH�VROXWLRQ�

)LJ���� SUHVHQWV� WKH� FRPSOHWH� VROXWLRQ� RI
WKH�SUREOHP�IRU�PXOWLOD\HU�V\VWHP�V\QWKHVLV
LQ� PXOWL�FULWHULD� IRUPXODWLRQ� ����� 7KH� OLQH
LQGLFDWHV� WKH� VHW� RI� XQLPSURYDEOH� VROXWLRQV
�3DUHWR� VHW�� >��@� LQ� WKH� VSDFH� RI� FULWHULD�
7KH�3DUHWR� VHW� LV� FRQVWUXFWHG� E\�PLQLPL]D�
WLRQ�RI�JHQHUDOL]HG�TXDOLW\�FULWHULRQ�IRU�GLI�
IHUHQW� �JHQHUDOO\� VD\LQJ�� DOO� WKH� SRVVLEOH�
YDOXHV� RI� ZHLJKW� FRHIILFLHQWV�� ,W� IROORZV
IURP�)LJ���� WKDW�PLQLPXP�PXOWLSOLFLW\�YDO�
XHV� DUH� SURYLGHG� E\� 3DUHWR� VHW� SRLQWV� IRU
ZKLFK� VKDUSQHVV� DQG� VHFRQGDU\� H[WUHPHV
SRVVHVV�PLQLPDO�YDOXHV��I��LV�PD[LPDO���7KHVKDUSQHVV� LV�WKH�ZRUVW��ZKLOH�WKH�VHFRQGDU\
H[WUHPHV� DUH� WKH� EHVW�� 6R�� WKH� V\VWHP� GH�
VLJQHU� KDV� D� SRVVLELOLW\� WR� FKRRVH� WKH� VROX�
WLRQ� FRUUHVSRQGLQJ� WR� KLV� FRQFUHWH� WDVN�� $
GUDZEDFN�RI�IRUPXODWLRQ�����LV�LPSRVVLELOLW\
WR� DIIHFW� WKH�PXOWLSOLFLW\�YDOXH�GLUHFWO\�� ,Q
VRPH�FDVHV�� WKLV�PD\�UHVWULFW�DSSOLFDWLRQ�RI
WKH�SUREOHP�LQ�IRUPXODWLRQ�����

$V� ZH� VKDOO� FRQVLGHU� LQ� ZKDW� IROORZV� WKH
V\VWHPV�ZLWK�PLQLPDO�QXPEHU�RI�OD\HUV��QRZ
ZH�SURSRVH�DQRWKHU�PDWKHPDWLFDO�IRUPXODWLRQ

RI� V\QWKHVLV� SUREOHP� ZKHUH� WKH� SRVVLELOLW\
WR� DIIHFW� WKH� V\VWHP� PXOWLSOLFLW\� LV� WDNHQ
LQWR� DFFRXQW� XVLQJ� DGGLWLRQDO� SDUWLDO� FULWH�
ULRQ� I��� ,Q� WKLV� FDVH�� WKH� SUREOHP� ���� WDNHVWKH�IRUP�
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ZKHUH�1L�DUH�VFDOH�FRHIILFLHQWV�7KH�JHQHUDOL]HG�FULWHULRQ�LV�D�OLQHDU�FRQ�
YROXWLRQ�RI�SDUWLDO�FULWHULD�IL�

)�Q+�P�� �¦DL
L �

�
IL�Q+�P��

����

ZKHUH�DL�DUH�ZHLJKW�FRHIILFLHQWV�7KH� FRPSOHWH� VROXWLRQ� RI� WKH� PXOWLOD\HU
V\VWHP� V\QWKHVLV� SUREOHP� LQ� PXOWLFULWHULD
IRUPXODWLRQ�����LV�JLYHQ�DV�D�IDPLO\�RI�WZR�
GLPHQVLRQDO� 3DUHWR� VHWV� LQ� WKH� �I��Ü�I��� ÜVSDFH� IRU� GLIIHUHQW� PXOWLSOLFLW\� YDOXHV� P
�)LJ������$QDO\VLV�RI�)LJ����VKRZV�WKDW�DGGL�
WLRQ� RI� RQH� PRUH� FULWHULRQ� I�� UHVXOWV� LQ� DYDULHW\� RI� VROXWLRQV� IRU� HDFK� PXOWLSOLFLW\

)LJ�����3DUHWR�VHW�IRU�WKH�SUREOHP������I��FUL�WHULRQ�FKDUDFWHUL]HV�VKDUSQHVV��DQG�I��Û�VHF�
RQGDU\�H[WUHPHV�

)LJ�����3DUHWR�VHW�IRU�WKH�SUREOHP������I��FULWH�ULRQ� FKDUDFWHUL]HV� VKDUSQHVV�� DQG� I��Û� VHFRQ�
GDU\�H[WUHPHV��WKH�QXPEHUV�E\�WKH�SRLQWV�LQGL�
FDWH� WKH� Qs� YDOXHV�� 'RWWHG� OLQH� FRLQFLGHV� WKHSRLQWV�FRUUHVSRQGLQJ�WR�VROXWLRQ�RI�����WDVN�

$�%HO\DHYD�HW�DO����6\QWKHVLV�RI�RSWLPDO�PXOWLOD\HU����

)XQFWLRQDO�PDWHULDOV������������� ���



�VROLG�OLQHV�LQ�WKH�SORW���,Q�WKH�SUHVHQW�WDVN�
YDULDWLRQ� RI� ZHLJKW� FRHIILFLHQWV� ZLWK� DGGL�
WLRQDO�FULWHULRQ�I��PDNHV�LW�SRVVLEOH�WR�YDU\WKH� VSHFWUXP� SDUDPHWHUV� DW� IL[HG� V\VWHP
PXOWLSOLFLW\�� ,Q� SDUWLFXODU�� DW� VPDOO� PXOWL�
SOLFLWLHV�� LW� LV�SRVVLEOH�WR�YDU\�VKDUSQHVV� LQ
D� UDWKHU� ZLGH� UDQJH�� $OVR�� LW� IROORZV� IURP
)LJ���� WKDW� VHOHFWLQJ� WKH� KLJK� UHIUDFWLRQ
LQGH[�PDWHULDO�JLYHV� WKH�RSSRUWXQLW\�WR�GH�
FUHDVH�VXEVWDQWLDOO\�WKH�VHFRQGDU\�H[WUHPHV
ZLWK� LQVLJQLILFDQW� VKDUSQHVV� GURS� DW� IL[HG
PXOWLSOLFLW\�� 7KH� PRUH� LV�P�� WKH� PRUH� LP�
SRUWDQW� WKH� FRUUHFW� FKRLFH� RI� WKH� PDWHULDO
LV�� EHFDXVH� DW� P�t���� RQH� FDQ� DWWDLQ� PRUH
WKDQ� WZLFH� GHFUHDVH� RI� WKH� VHFRQGDU\� H[�
WUHPHV� ZLWKRXW� VLJQLILFDQW� VKDUSQHVV� GURS
�WKH�OLQHV�DUH�DOPRVW�SDUDOOHO�WR�,WUDQV���7R� GHPRQVWUDWH� WKH� HIILFLHQF\� RI� WKH
WHFKQLTXH� SURSRVHG�� WKH� SUREOHP� RI� GHVLJQ�
LQJ� WKH� LQWHUIHUHQFH� ILOWHU� IRU� IDU�,5�UDQJH
ZDV� FKRVHQ�� )RU� VXFK� V\VWHPV�� FKDUDF�
WHULVWLF� LV� WKH� UHTXLUHPHQW� QRW� RQO\� WR� RE�
WDLQ� WKH� GHVLUHG� VSHFWUXP� EXW� WR� PLQLPL]H
WKH�V\VWHP�PXOWLSOLFLW\�P�DV�ZHOO�>�@�

$FFRUGLQJ�WR�WKH�SURSRVHG�WHFKQLTXH��WKH
>$�/+�P$@� W\SH� 06� ZDV� V\QWKHVL]HG� >��@
EDVLQJ� RQ� WKH�PDWHULDO� ZLWK� WKH� ORZHVW� UH�
IUDFWLRQ� LQGH[� Q/� ����� �SRO\HWK\OHQH�
ZKLFK� PD\� EH� XVHG� IRU� D� OD\HU� ZLWK� ORZ
UHIUDFWLRQ� LQGH[�� $W� IL[HG� YDOXH� Q/� �����WKH� RSWLPL]DWLRQ� SUREOHP� LV� UHGXFHG� WR
VHDUFKLQJ� IRU� RSWLPDO� SDUDPHWHUV� �Qs�� P�DQG�WDNHV�WKH�IROORZLQJ�IRUP�
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)LJ����VKRZV�WKH�FRPSOHWH�VROXWLRQ�RI�WKH
V\QWKHVLV� SUREOHP� IRU� VXFK� PXOWLOD\HU� V\V�
WHP� LQ� PXOWLFULWHULD� IRUPXODWLRQ� ����� DV� D
IDPLO\� RI� WZR�GLPHQVLRQDO� 3DUHWR� VHWV� LQ
�I��Ü�I���VSDFH�IRU�GLIIHUHQW�PXOWLSOLFLWLHV�P�7KH�PDWHULDOV�ZKLFK�PD\�EH�XVHG� LQ�06
IRU�IDU�,5�DV�WKH�KLJK�UHIUDFWLRQ�LQGH[�OD\�
HUV� FRPELQHG� ZLWK� SRO\HWK\OHQH� DUH� .56��
�Q� ������� /L)� �Q� ����� DQG� *H�Q� ���� >�@�
)URP�)LJ�����LW�LV�VHHQ�WKDW�DW�WKH�SRLQWV�$

�Q+� ������DQG�%� �Q+� ������� WKH�YDOXHV�Q+DUH� PRVW� FORVH� QXPHULFDOO\� WR� Q� YDOXHV� RI
WKH�PDWHULDOV�PHQWLRQHG��/L)�DQG�*H���ZKLOH
WKHUH� DUH� QRQH� RI� SRLQWV� ZLWK� Q+� QXPHUL�FDOO\�FORVH�WR�WKH�YDOXH�Q� ������.56����

7KH� FKDUDFWHULVWLFV� RI� WKH� V\VWHP� FRUUH�
VSRQGLQJ�WR�SRLQW�$�DUH��7�O��� �������F� �����'PLQ� ������,WUDQV�� ������WR�SRLQW�%��7�O��� ������� F� �������'PLQ� ������� ,WUDQV�� ������7KH� V\VWHP� FRUUHVSRQGLQJ� WR� %� SRLQW� KDV
MXVW�D�ELW�GLIIHUHQW�VKDUSQHVV�LQ�FRPSDULVRQ
ZLWK� $� SRLQW�� EXW� GHHSHU� VHFRQGDU\� H[�
WUHPHV��7KXV��RI� WKH� V\VWHPV�XQGHU�FRQVLG�
HUDWLRQ�� WKH� RQH� FRUUHVSRQGLQJ� WR� $� SRLQW
�Q+� ������ LV� PRVW� SUHIHUDEOH�� +RZHYHU�IURP� WKH� WHFKQRORJLFDO� FRQVLGHUDWLRQV�� IRU
IDU� ,5� LW� LV� LPSRUWDQW� WR� ORZHU� WKH� PXOWL�
SOLFLW\�RI�WKH�V\VWHP�V\QWKHVL]HG�>�����@�

,Q� WKH� 3DUHWR� VHW�� WKUHH� SRLQWV� FRUUH�
VSRQG�WR�PXOWLSOLFLW\�P� ����)LJ������&��Q+� ����� 7�O��� ������ F� ������� 'PLQ� ������,WUDQV�� �������� '� �Q+� ������ 7�O��� �������F� �������'PLQ� �������,WUDQV�� ��������DQG�(�Q+� ���� 7�O��� �������� F� ������� 'PLQ� �����,WUDQV�� �������� ,W� LV�REYLRXV�WKDW�WKH�&SRLQW�KDV�Q+�QXPHULFDOO\�FORVHU�WR�Q�RI�/L)�DQG� WKH� SRLQW� '�� WR� WKDW� RI� *H�� 7KH� 06
FRUUHVSRQGLQJ� WR� '� SRLQW� KDV� EHWWHU� VSHF�
WUXP�FKDUDFWHULVWLFV�7�O���DQG�F��EXW�GHHSHUVHFRQGDU\�H[WUHPHV��2I�WKH�V\VWHPV�FRQVLG�
HUHG��PRVW� SUHIHUDEOH� LV� WKH� RQH�ZKLFK� KDV
EHWWHU�VKDUSQHVV�DQG�ORZHU�EDFNJURXQG��L�H�
WKH�V\VWHP�FRUUHVSRQGLQJ�WR�'�SRLQW��6R��LQ
3DUHWR� VHW�� WKH�SRLQW�KDV�EHHQ�FKRVHQ�WKHR�
UHWLFDOO\� ZKLFK� FRUUHVSRQGV� WR� WKH� V\VWHP
ZLWK� PLQLPDO� PXOWLSOLFLW\� �P� ����� ORZ
EDFNJURXQG� �7�O��� ���������JRRG� VKDUSQHVV

)LJ����� 3DUHWR� VHW� IRU� WKH� SUREOHP� ������ I�FULWHULRQ� FKDUDFWHUL]HV� VKDUSQHVV�� DQG� I�� ÛVHFRQGDU\� H[WUHPHV�� WKH� QXPEHUV� E\� WKH
SRLQWV�LQGLFDWH�WKH�Qs�YDOXHV�

$�%HO\DHYD�HW�DO����6\QWKHVLV�RI�RSWLPDO�PXOWLOD\HU����
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�F� ������� DQG� ZLGH� KLJK� UHIOHFWLRQ� UDQJH
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