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The consistent Brillouin-theorem-based scheme is developed for obtaining numerical
Hartree-Fock (HF) solutions at the semiempirical level. Our approach for getting corre-
sponding HF results exploits a general configurational interaction singles procedure for
which the compact formulation via only one-electron matrices in AO basis set is applied.
The proposed algorithms demonstrate their reliability and feasibility for large-scale conju-
gated molecules. Particular focus is on finding HF symmetry-preserving and symmetry-
breaking solutions of the charge density wave (CDW) type. Among the main systems
studied here are graphene quantum dots of periacene type and singlet polyradical strue-
tures consisting of triangulene subunits (particularly, m-system of the recently synthesized
triangulenic "nanostar”) We show that formally incorrect HF solutions of CDW type
(occurence of atomic net charges) implicitly reflect a decrease of atomic valencies in highly
correlated alternant m-structures.

Keywords: configurational interaction, Hartree-Fock convergence and stability, gra-
phene-like molecules, alternant symmety, m-electrons.

Buropucranasa teopemu Bpuinroena nja o6uucieHHA PO3B’A3KiB i3 30epeixeHor0 Ta
HOPYLWIEHOK CHMeTpisiMu. 3acTocyBaHHA 10 rpadeHOBHX KBAaHTOBHX TOYOK. A.B.Jysanos

Hna orpuMaHHS YnceIbHUX po3B’a3KiB piBuans [aprTpi-Poxa (HF) B maniBemnipuuzomy
HabGIM:KEeHH]I po3pobJIeHO OOUICIIOBANLHY CXeMy, IIf0 6as3yeThcd Ha IIOCHIiJOBHOMY BUKODIIC-
taugHi Teopemu Bpuamiena. Hamm migxix agificHioe mpollefypy caMOYSTOIYKEHOIO IIOJA 34
IOIIOMOTOI0 3araJibHOI cxeMu KoHdiryparfinoi BaaemMoil ogHOKpaTHUX 30yAKeHb, 1100 AKOI
3aCTOCOBAHO KOMIIaKTHe (OPMYJIIOBAHHSA B TepMiHaX JUINe OZHOEJEKTPOHHUX MAaTPUIbL Y
G6asuci AO. 3ampomoHOBaHUII AJNTOPUTM LEeMOHCTPYE CBOI HaZilfiHicTh Ta gOLinbHicTb mpwu
3aCTOCYBaHHI O BEJIUKUX CYIPAKEHUX MoOJeKyJ. OcobGauBy yBary OPUZIIEHO OTPUMAHHIO
HF-posp’askiB i3 36eperkeHO0 Ta HOPYIIEHOK CUMETPiAM 3a THUIOM XBHJi 3apAZOBOI I'ycTu-
uu (CDW). IlomiK ocHOBHUX cucTeM, IO X BUBUYEHO B poboTi, € rpadeHoBl KBaHTOBI TOUKU
3a TUIIOM IIlepialleHiB Ta CUHTJIETHI moxipaguKanbHI CTPYKTYpPU, KOTPi mobGyZoBaHO 3 TPUAH-
I'yJIeHOBUX CYBOAMHUIIL (TaKi, K HEIOJaBHO CUHTE30BAHA TPUAHTYJEHOBA HAHO3IPOHBKA ).
Mu norasyemo, o dopmanbuo HekopekTHi CDW HF-posp’ssku (HafBHICTH 3aJIMIIKOBUX
aTOMHUX 3apAiB) BifsepKasioOTh BHIMKEHHHSA BAJEHTHOCTEH BYIJIEIleBUX aTOMIB y CHJIBHO
KOPPEeJILboBAHUX AJbTePHAHTHUX T-CTPYKTYpPaX.

1. Introduction perimental, and material science investiga-
tions [1-83]. Many theoretical models of

Studies of graphene-like molecules and

graphene quantum dots (GQDs) are among

GQDs are based on semiempirical quantum

the active fields of current theoretical, ex- approaches, and here T-electron models are
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especially attractive owing to their relative
simplicity and feasibility for large-scale
conjugated nerworks. Frequently, the start-
ing point in such investigations is obtaining
the Hartree- Fock (HF) description (orbital
energies, densities of various kind etc.).
However, in case of molecular problems,
especialy huge ones, researchers may en-
counter numerical instability and other dif-
ficulties in solving nonlinear HF equations.
Such issues are often handled in computa-
tional chemistry (e.g., see chapter 4 in [4]).
Up to now, HF convergency difficulties and
their reduction remain one of the topically
discussed issues (see, e.g., [5, 6]). The good,
solid book [7] also continues to be pertinent
for exploring the above mentioned problems.

Among general results of HF and post-
HF theories, the Brillouin theorem takes a
special place [8-14]. In the present paper
this theorem will allow us to propose a sim-
ple approach for treating the convergency
difficulties in large m-electron problems. We
will expose the new algorithm in detail and
illustrate it by several large GOD systems
as giving an important class of polycyclic
aromatic hydrocarbons (PAHs) which allow
for nontrivial HF solutions.

2. The Brillouin theorem for HF
models

As well known, the Brillouin theorem
(BT) states that for self-consistent field
(SCF) HF molecular orbitals the Slater one-
determinant wave function |®) of the given
N-electron state does not interact with any

singly excited Slater determinant ®, ).

The latter is built up from |®) by replacing
occupied molecular orbital (MO) |@,) with

virtual MO | @,). Explicitly,

<(Di_>a|H|(D> = 09 (1)
where H is the total N-electron Hamil-
tonian, and in this section all MOs are im-
plied to be MOs with spin, i. e. molecular
spin-orbitals. Eq. (1) follows from the varia-
tional principle for the HF problem, and it
was applied long ago for obtaining HF MOs
numerically [8, 12]. The core idea behind it
was to use the linear variational function at
the singly excited configurational interac-
tion (CIS) level:

|q/> = Co|(b> + zrai|(bi—>a>’ (2)

i,a
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where ¢y and T,; are linear variational para-

merers. Indeed, for the given MO set the
mixing between |®) and @, ,,) in Eq. (2) is
governed by nondiagonal matrix elements
fui of the one-electron Fock operator
(Fockian) f for the reference determinant

|®)y. This is a consequence of the common
identity for Slater’s determinants:

<(Dz—>a|H|(D> = faia (3)

that is valid for any MOs from which super-
position (2) is constructed. Thus, the re-
quirement f,; =0 is equivalent to fulfill-
ing BT, Eq. (1), and thence to the standard
HF equations.

From the above one can deduce various
numerical BT-based algorithms, and the
first BT-like scheme was given in the pio-
neer paper of Lefebvre [8]. Generally, start-
ing from arbitrary (non-self-consistent) full
MO set {¢;)}, {lo,)} with nonzero f,;, one
must approximately solve the CIS problem
for ¢y and {7,;} in Eq. (2), and it allows one
to update the starting MOs. Then the com-
putational cycle repeats until Eq. (1) is sat-
isfied within a prescribed accuracy. In prac-
tice, solving CIS secular problem for Eq. (2)
is replaced by a simplistic estimation of
conFigurational coefficients t,, and actu-
ally the variational potential of Eqgs. (1) and
(2) is not used fully. At the same time,
owing to variational properties of any linear
secular problem the total energy must be
systematically lowered during the BT-based
iterational procedure if all computations are
performed carefully and with a proper accu-
racy. This is a particularly attractive fea-
ture of the whole BT approach, and it is
this fact that motivates our study which is
oriented on computations of large conjugated
systems within the semiempirical m-electron
framework. The present study is based on the
point that CIS problems can be easily imple-
mented if one makes use of suitable CIS ma-
trix formulations from Mestechkin’s works
[7, 15, 16] and his followers.

3. The BT based matrix
algorithm for restricted HF

In this section our BT-SCF matrix
scheme is presented for normal ground sin-
glet states within the restricted HF (RHF)
method (the unrestricted HF is treated in
Appendix). Thus, we start with the general
CIS problem (2) for low-lying singlet states.
The matrix formulation for the CIS energy
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functional was presented first in [17], and
then in [15, 16] where the full set of needed
relations had been provided in terms of Her-
mitian transition matrices (with ¢y = 0). We
follow papers [18, 19] containing similar ex-
pressions in a slightly modified form (in
terms of ordinary transition matrices).
Hereafter we employ matrices in basis of
conventional spin-free orbitals (not spin-or-
bitals as above in Section 2). Recall that
within the matrix-covariant methodology all
variational parameters are packed, if possi-
ble, into pertinent matrices. In case of Eq.
(1) the array of conFigurational coefficients
{14 turns out to be a one-electron transi-

tion matrix 1, as follows:
T =t . (4)

This T or its Hermitized counterpart

T + T" can be correctly treated as an operator
entity with a prescribed transfomation law
for associated matrix elements. It means
that one can directly compute T in the AO
basis set as well, and this fact is the leading
idea of matrix algorithms for CIS in [16]
and books [8, 17]. After these preliminaries,
we give our main BT-SCF relations.

As seen from Eq. (2), at each iteration
step one must find optimal coefficient ¢
and transition matrix T for current orbital
set {Q;)}, {9,)} - It leads us to solving the

uncomplicated eigenvalue problem:

V2Trft - hey = 0, (5)
ﬁ(r) +2F,pc0 — M1 =0, (6)

where A is taken as the lowest eigenvalue of
the CIS problem to be studied. This gives a
guaranteed decrease of the full energy, ECIS ,
in respect to the RHF energy, E, of the cur-
rent ground-state Slater determinant |®):

E =Tr(h + f)P, (7
and hence, the quantity
ECIS=F + ) (8)

is the total energy of the general CIS wave
function (2). In Eq. (7) & is the usual core
Hamiltonian, and P is the key matrix
(charge density projector) which projects onto
current occupied MO space whereas I — P pro-
jects onto virtual MO space; f is the Fockian
matrix. Next, IT in Eq. (6) is a superopera-
tor which describes CIS excitations them-
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selves (if ¢y = 0) and acts in a space of tran-

sition matrices (for precise definition of II,
see Appendix, Eq. (A9)). At last,

fon= I - P)fP (9)

is the particle-hole component of the
Fockian matrix. In MO representation f,;, =
Ifil, and this 7,, matrix is in fact a gradi-
ent matrix of E in respect to P (more accu-
rately, in respect to independent elements
of P). Clearly, when f,, =0, BT in form of
Egs. (1) and (3) is fully satisfied, and thus
one arrives at a SCF solution of HF equa-
tions. In this limiting case, A = 0, so that
ECIS = E, that is the final RHF energy.

Given Egs. (5)—(9), the following BT-SCF
procedure can be suggested. Firstly we take
the wusual Huckel start for P and f:
Py = Pyyexs To = MPgl, where Py is the
projector onto Huckel occupied MOs; so that
the starting Fockian fy, = f[Py] is conven-
tionally computed with this P,. It gives the
initial matrices P,, f, and the initial total
energy

Ey =Tr(h + fp)Py. (10)

To proceed further the CIS problem, Eqgs.
(5) and (6), should be solved more or less
pricisely. In our implementation the
Lanczos algorithm is employed with a small
Krylov space dimension, dimK (as a rule,
dimK = 8 is sufficient). Moreover, a restart
of the entire Lanczos process is recom-
mended to be done several (3-5) times. Im-
portantly, all these CIS computations are
easily and quickly performed in the m-AO
framework (see Appendix for detail). Hav-
ing at our disposal the current ¢y and T we
easily update the charge density projector,
P — P, through the known McWeeny equa-
tion [20]. In our case it means that

P=(Py+t)IT +tt)yL(Py+th), (11)

where t = cor/\/Z-.

4. RHF solutions for graphene
quantum dots

Now we consiser some applications of the
above given BT-based algorithm for RHF
solutions in large conjugated systems. For
such systems simple gradient-based SCF
techniques can be ineffective. Note that as a
rule the conventional gradient method with
constant step size works well for "normal”

n-structures (polyacenes and similar sys-
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Fig. 1. Electronic energy convergence for the RHF alternant symmetry-preserving and symmetry-
breaking (CDW) solutions in (9,6)PA. In abscissa, j is a number of current iteration; AERyp in

ordinate is given in au.

tems). Nevertheless, for large m-systems
this gradient and similar procedures can
lead to numerical instability and even diver-
gence. In the thorough analysis [7] it is
shown that the singlet-type HF stability is a
necessary condition for convergence of RHF
gradient methods (see also [21]). So it is not
surprising that it migth be difficult to
reach SCF solutions for m-structures of gra-
phene molecules with hundreds carbon
atoms since they can suffer from a singlet
HF instability (then an additional energy
lowering is possible due to admixture of
singlet excitations). Recall also that the
relevant HF stability analysis, introduced
by Cizek and Paldus [22], allows to predict
occurrence of symmetry-breaking RHF solu-
tions of certain kinds by detecting negative
eigenvalues of HF Hessian (HF stability ma-
trix). For example, symmetry-breaking HF
solutions were reported in [23] for long
polyenes. On the other hand, special singlet
solutions of this type have not been de-
tected even still in long polyacenes if apply-
ing usual semiempirical m-parameres.

By and large, singlet HF instability is
not generally observed in quantum chemis-
try of typical PAHs. Nevertheless, recently
[24] we have encountered one not-so-large
structure from the well-known family of
GQDs. This is (9,6)-periacene, or shortly
(9,6)PA, with 1380 carbon atoms, for which
the singlet instability, i.e. the presence of a
negative eigenvalue of the singlet HF Hes-
sian, was spotted [24]. In accordance with
the Cizek-Paldus theory [22] it implies that
in (9,6)PA there exists, along with the nor-
mal symmetry-preserving solution, the sym-
metry-breaking HF solution too. Certainly,
there also exist many other periacenic GODs
and like systems with such peculiarities.

Functional materials, 29, 3, 2022

For instance, consider the large triply-
triangulenic GQD with 426 carbon atoms
suggested in [25] for possible spintronic de-
vices. This GQD was termed in [25] as
"Kekulean logic gate structure”™ (KLGS). It
had been examined previously in [26], and
now, seeking for large electron- instable m-
structures, we return to this KLGS, and
indeed the m-electron singlet HF instability
turns out to take a place in KLGS as well.
Thus, these two GQDs, (9,6)PA and KLGS
(Fig. 3), will serve us as relevant examples
by which possibilities of the developed BT-
SCF algorithm can be investigated.

The same, as in [27] and other works,
m-electron semiempirical parameters are em-
ployed in all our RHF calculations here.
Typically, BT-SCF iterations were per-
formed wuntil achieving the RHF gradient
matrix norm of 10710 atomic wunit (au).
Below the iterative SCF processes are suit-
ably characterized by AEgpy = Ecig — Eop»
i.e., the difference between the current CIS
energy, Eq. (8), and the intial energy (10).

Some words about the alternant symme-
try which is a specific m-electron feature of
most PAHs. From this symmetry the re-
markble Coulson-Rushbrooke-Pople theorem
follows for neutral m-systems of conjugated
hydrocarbons that have no odd-membered
cycles ("alternant™ PAHs etc.). The theorem
states that within RHF all m-electron net
charges are zero, and this is true for any
correct m-model. In case of singlet-instable
n-systems, final RHF solutions can violate
this theorem, and such anomal solutions are
typically referred to as "charge density wave”
(CDW) solutions. In order to prevent one from
obtaining CDW, a special iterative projection
method can serve as a simplest remedy that is
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Fig. 2. SCF convergency of symmetry-preserving and symmetry-breaking (CDW) RHF solutions for

KLGS.

given below. We make use the certain pro-
jection operation in a following manner: at
the end of each SCF iteration step the addi-
tional correction is made in order to improve
the reconstructed matrix P from Eq. (11):

Here J is the Ruedenberg diagonal matrix
[28] in the AO representation. The matrix has
nonzero elements consisting of 1 for starred
n-centers and —1 for unstarred ones (in Coul-
son’s terms for subdivision of atoms in alter-
nant structures). If ignoring transformation
(12), we may arrive to CDW RHF solutions
due to rounding errors, provided, of course
that RHF instability occurs.

The results obtained for the two basic
GQDs are presented in Fig. 1 and 2. We
first look at Fig. 1, the left plot, which
gives the course of SCF convergence for
(9,6)PA in case of the symmetry-preserving
solution. As expected, it is seen a system-
atic energy decrease. In this case the conver-
gence rate is good, and the RHF self-consis-
tency is reached in less than 20 iterations.
Another case is the alternant-symmetry
breaking solution (the right plot in Fig. 1).
In the first 40 iterations, the convergence is
markedly slow while a monotonicity in de-
crease of energy remains as it should be for
BT algorithms. Then the almost linear part
of the convergence curve is ended and the
curve makes a sharp decline to a lower en-
ergy solution. The causes for such a behav-
ior are quite understandable. Really, we
start from the H?ckel alternant-symmetry
solution, and at first the initial alternant
symmetry somehow tries to provide a cor-
rect solution, so a good symmetry-preserv-
ing RHF solution is begining to emerge
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Fig. 8. Atomic net-charge distributions in
symmetry-breaking RHF  solutions for
(9,6)PA and KLGS (positive charges in or-
ange and negative ones in blue).

(when iteration number becomes equal to
j cong 40). However, rounding errors open
possibilities for lowering energy further, and
consequently the lower-energy broken alter-
nant-symmetry solution inevitably appears.
This picture can be detailed by computing the

lowest eigenvalue, 1550, of the singlet HF-

Hessian. In (9,6)PA the RHF solution with a
regular symmetry gives A50 = -0.347 eV

[24]. Now performing BT-RHF algorithm (with

removing constraint (12)) we will compute 150

after each 20th iteration step. The obtained
A5=0 set is {—0.746/0, —0.347/20, —0.845/40,

min
0.230/60, 0.230/80} where denominators
are respective iteration numbers (step num-
bers). In fact, after the 50th iteration the
RHF instability is eliminated and we arrive
to the RHF stable but broken symmetry so-
lution. The results for KLGS, which are
qualitatively the same, are presented in Fig.
2. In this case, we have a higher negative

Functional materials, 29, 3, 2022
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PA(13,5) (15,5)PA

Fig. 4. Atomic net-charge distributions in symmetry-breaking RHF solutions for (13,5)PA and
(15,5)PA (positive charges in orange and negative ones in blue).
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Fig. 5. The m-electron results for TNS. The left panel: SCF convergency of the symmetry-breaking
RHF solution. The central panel: the atomic net-charge distribution in the symmetry-breaking RHF
solution (positive charges in orange and negative ones in blue). The right panel: the unpaired

electron distribution (in red) for the spin-singlet UHF solution.

value A5 = —0.555 eV for the alternant sym-

min
metry solution, and a positive A3-0 = 0.072 eV
for the final broken symmetry solution.

Notable features are observed in net-
charge distributions for the symmetry-
breaking solution in these GQDs (Fig. 3). In
the case of (9,6)PA the charge distribution
is symmetric with respect to x-axis (short
axis), and antisymmetric with respect to y-
axis (long axis). Thus, the total dipole mo-
ment vanishes while the average absolute
net-charge value (per m-center) is nonzero
and equal to 0.042. The KLGS case is rather
peculiar because the RHF solution allows
breaking the alternant symmetry only. Re-
ally, as one can see from Fig. 3 (the left
pannel), the net-charge distribution is accu-
rate as satisfying the correct Cg; symmetry
requirements, and at the same time the av-
erage absolute net-charge value is non-null
and equal to 0.039. In both cases the dipole
moment is obviously absent.

5. Additional examples

We will provide additional illustrations
to show other patterns of symmetry-break-
ing solutions in GQDs. These GQDs are pe-
riacene-based systems (13,5)PA  and

Functional materials, 29, 3, 2022

PA(15,5) in Fig. 4, and the unusual trian-
gulenic nanostar (TNS) synthesized in [29]
(see below Fig. 5).

For (13,5)PA and PA(15,5) we find the
symmetry-breaking solutions with the aver-
age absolute net-charge values 0.031 and
0.034, respectively. As any periacene, the
(13,5)PA molecule initially possesses the
normal Dy,-symmety Huckel solution. But
the RHF net-charge distribution has a lower
C,;, "antisymmetry” (not C;;, as in (9,6)PA),
with null dipole moment as it must be for
molecules of C,, symmetry. The net-charge
distribution in (15,5)PA has the plain C,,
symmetry. Therefore, in (15,5)PA the actual
dipole moment for the RHF symmetry-break-
ing solution is nonzero and equal to 2.26 au.

As the last issue of this section, we will
discuss the results for the above-mentioned
noval nanostructure TNS (Fig. 5) having 182
carbon atoms. The system also supports two
types of RHF solutions, with alternant sym-
metry and without it. This is in conformity
with the stability analysis which gives a large

(in modulus) value A50 =-0.722 eV for
TNS. The corresponding course of SCF con-
vergence to the symmetry-breaking solution
is displayed in the left panel of Fig. 5. The

central panel of the latter shows the charge
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net distribution in the obtained solution. It
gives the large average absolute net-charge
index 0.071 (more twice larger than in the
above periacenes).

One peculiarity of TNS should be treated
in detail. Indeed, TNS is related to the spe-
cial class of singular graph structures. They
by definition have zero eigenvalues in the
associated graph spectra, and thereby in the
Hukel orbital spectrum as well (see [30, 31]
and references therein). In the case of TNS
the graph spectra have 12 zero values (V),
but the number of starrred and unstarred
carbon atoms (in Coulson’s terms) are equal.
Then, in TNS the correct ground m-electron
state is the singlet state as a consequence of
the well-known Lieb-Ovchinnikov rule [32,
38]. Clearly, the TNS H?ckel ground state
is the open-shell singlet state with a very
high polyradical character. Turn the atten-
tion to the fact that in this case (as in case
of many other singular graph structures)
the RHF approximation destroys the artifi-
cial orbital degeneracy inherent in the
Huckel description. In fact, by applying the
symmetrized Huckel matrix Py, as a start
(with all zero-energy Huckel MOs included
with the equal weight 1/2) and employing
the BT algorithm we easily obtain the non-
degenerate (but unstable) singlet RHF solu-
tion discussed above.

Now, we consider the unrestricted Har-
tree-Fock (UHF) "singlet”™ solution in TNS.
Namely, we will obtain the spin-polarized
HF singlet state which is possible only
under the so-called triplet instability condi-
tion [7, 22]. Note that most periacenes turn
out to be triplet instable as well, but the
TNS 7n-system is the particularly interesting
example in the context of polyradical =-
structure theories. Let us first look at the

minimal eigenvalue AS:l of the triplet sta-

s=1

bility matrix. Such A’ predicts the exist-

ence of spin-polarized singlet states if ASTL

< 0. For TNS we have A5=1 = —3.69 eV that

min

can be compared with AS5l =-4.29 eV in

(9,6)PA (see Table 11.1 in [24]). Thus, there
exists the singlet UHF solution in TNS, and
for achieving it we will apply the appropri-
ate BT algorithm (see Appendix for details).
The discussion of the TNS properties within
UHF is conveniently included in the next
section.
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6. About peculiarities of
symmelry-breaking solutions

Now, we briefly consider possible chemi-
cal consequences of symmetry-breaking so-
lutions, using TNS as the example. Notice
that in solid-state physics, lowering symme-
try is the observable phenomenon having,
however, own interpretational questions
[34]. In molecular quantum mechanics the
situation is also not fully clear, and much
depends on the quantum chemistry context
(including or not including molecular ge-
ometry relaxation etc). Recall that in typi-
cal setting of ?- electron problem we fix
equilibrium molecular geometry, and
thereby molecular Hamiltonian symmetry.
Thus any symmetry deviation in resulting
RHF solutions should be treated as spuri-
ous. Likewize, possible nontrivial UHF solu-
tions do violate spin symmetry, and strictly
speaking they are not correct too. However,
we can look pragmatically and try to under-
stand which are the artificial HF features
that somehow reflect genuine properties of
such unstable m-systems.

Particularly, in the UHF description of
singlet states we obtain an artificial spin
density matrix @ = p, — pg giving the so-
called spin-density wave (SDW), while @
should be zero in any correctly defined sin-
glet state (McWeeny’s theorem). At the
same time, in all our examples here the
UHF spinless (charge) density matrix D =
Po t Pp is rather good (if ignoring nonzero
net charges) and informative because D per-
mits to shed light on an intrinsic radical
nature of ground open-shell singlet states.
It can be done by invoking the effective
unpaired electron (EUE) theory in spirit of
Yamaguchi, Head-Gordon and others (see
review [35]). Actually, in this theory the
key quantity, EUE density matrix Dy from
[36] , is a reasonable counterpart of @ for
singlet states (see argumentation in [26],
Appendix C).

In practice we apply the hole-particle
EUE index Ny (Negp in terms of [35]) and
corresponding EUE atomic distribution (Eq.
(6.39) and (6.41) in loc. cit.). For compara-
tive purposes we will use, as a more suitable
index, the specific index Ny = Ny/N (with
N being the number of carbon atoms), that
is the EUE measure per atom. In the case of
TNS we find Ny = 0.117 whereas the same
index in (9,6)PA is more than twice smaller
Ny = 0.051, and it agrees with a high
polyradical character of TNS. The associ-
ated EUE atomic distribution is shown in

Functional materials, 29, 3, 2022
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the right panel of Fig. 5. We observe that
due to high molecular symmetry the un-
paired electrons are strongly delocalized,
but nonetheless they are most preferably lo-
calized on peripherical unstarred atoms.
These UHF data for TNS can be compared
with those of the simplistic QCTB model
developed in [26, 87]: Ny = 0.115 for TNS,
and Ny = 0.059 for (9,6)PA. Within QCTB
the EUE atomic distributions are rather simi-
lar as well. This demonstrates once more that
QCTB provides a good description of SDW
and the resulting EUE properties in toto, as
previously stated in [26].

Less evident is a clear quantum chemical
interpretation of CDW solutions. From sim-
ple reasoning, we can state that CDW solu-
tions at the RHF level are possible only for
systems with very strong electron correla-
tions. This follows from the noteworthy in-

equality for A$-0 and AS5l given in [7] (Eq.
(2.59)) and [16]:

Tin S AMn- (13)

The latter means that CDW solutions
occur only under the triplet RHF instability

condition: A$=l < 0. Thus, if CDW occurs
then SDW even more takes a place. Specific
examples given above show that the nega-

tive AS-0 appears when the negative A5l is
sufficiently large in modulus (e.g., see
above the quantities AS:l = -8.69 eV and

A0 = -0.722 eV for TNS). Returning to
Fig. 5 for TNS we observe (ignoring color
difference) a resemblance between the net-
charge distribution in the CDW solution
(the central panel) and the EUE distribution
in the SDW solution (right panel). In other
words, most charged atoms in CDW are
nearly the same as most electron-unpaired
atoms in SDW. From this fact one can draw
a plausible conclusion that the both distri-
butions in Fig. 5 provide a similar informa-
tion about most reactive centers in TNS.
The reactivity of the given atomic site |l can
be directly characterized by, say, a suitable
valence index V|, which is simply computed
within the UHF approximation from the
Wiberg bond order indexes (see Egs. (53),
(92), and (113) in [27]). The resulting Vu
diagram is displayed in the shorten form on
Fig. 6. As shown in this diagram, the most
reactive center has the lowest value V, =
0.802 for the same center which is most
pronounced in the charge and EUE distribu-
tions on Fig. 5. Stress that in alternant
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Fig. 6. Atomic valence m-electron diagram for
the upper triangulene elementary subunit of
TNS.

PAHs all VH =1 at the electron-correlation-
free RHF level [27].

Some words are worth saying about the
complex-valued HF instability. This well-
known instability type was additionally
scrutinized in recent interesting works [38,
39]. We have detected a complexed instabil-
ity in some periacenic structures, but the
resultant energy lowering (when passing to
the complex-valued MO method) turned out
to be too small, and these data are not in-
cluded in the paper. Seemingly, such small
energy effects in the studied GQDs reveal a
chemical stability and certain aromaticity
[24] of their m-systems. Therefore, these m-
systems cannot be abnormal and cannot vio-
late "normal”™ (aufbau) order of filling real
MOs (the interconnection between com-
plexed instability and aufbau principle vio-
lation is revealed in [7], section 2.8).

7. Conclusion

The known convergence problem of HF
solutions is treated here by the consistent
variational use of the Brillouin theorem. It
allowed us to elaborate and implement suit-
able computational schemes that permit ob-
taining different HF solutions for large gra-
phene-like molecules. In particular, we have
managed to obtain the symmetry-preserving
and symmetry- breaking HF solutions in pe-
riacenic GQDs and in the newest synthesized
triangulene-based nanostar structure [29].

Our experience with the given BT algo-
rithm for RHF and UHF 7m-models demon-
strate a good monotonic course of corre-
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sponding SCF procedures in the case of sym-
metry-preserving solutions. A more slower
SCF convergence to symmetry-breaking solu-
tions was typical, but the important mono-
tonicy was always observed for total energy
as a result of the intrinsically variational
nature of the computational schemes used.

As to further perspectives for developing
BT based algorithms, we expect that similar
approaches can be workable in case of gen-
eralized one-electron models such as the
known Lowdin’s spin-extended Hartree-Fock
model and Smeyers’s half-projected Hartree-
Fock approximation discussed in the litera-
ture (e.g., see [40—43]). Preliminary studies
show that this is the case, but the full ac-
counts of obtained results are beyond the
present paper. In addition, there is a special
point concerning a connection of BT algo-
rithms with the related Newton-like optimi-
zation scheme named the augmented Hes-
sian (AH) approach given in [44] and many
other works (for recent papers see [45-4T7]).

In the context of the BT algorithm,
using AH means that in Egs. (5,6) one must
replace the CIS matrix Il by ,the normal
Hartree-Fock stability matrix A implicitly
defined in [48] in terms of T-matrices. Natu-
rally, it would be interesting to compare
performace between these two algorithms.
Within the AH techhique we have made
only few m-electron calculations on small
systems, and the SCF converhence in AH
turned out to be evidently faster than in
BT, but more work should be done to fully
clarify the situation. Stress again that the
BT technique is consistently variational in
energy and appears to be generally more
appropriate. Developing this issue is also
among our future plans.

Acknowledgement. The paper is dedicated
to the remarkable 90th birthday of Prof.
Mikhail Markovich Mestechkin, founder of
the Ukrainian quantum chemistry school.

Appendix. Solving CIS eigenproblem in
AO representation

In the BT algorithm the basic eigenvalue
problem, Egs. (5) and (6), can be specified
in the same matrix terms which are known
for the HF stability problem [7, 15, 16, 48]
and the related matrix computations of CIS
excitation energies. A sligthly more broad
CIS technique will be given here in order to
include its UHF version [18, 19]. Thus, we
will deal with the general CIS states built
up from the UHF ground-state reference de-
terminant. In this case, instead of P and
transition matrix T, Eq. (4), we need two
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projectors p, and pg and two transition ma-
trices, T, and T8 for spin-up and spin-down

electrons, respectively. We can return to
Eq. (4) by setting

Po =pPp =P, ruzrﬁz‘c/\/f. (A1)

Next, let us introduce a more general
than in Eq. (6), superoperator Il acting on
T, and Tg» as follows:

M(ty,7g) = (I = PlfoTe — Tofo +  (A2)
+J(T, + TB) - K(t)lp,

b

with J and K standing for Roothaan’s Cou-
lomb and exchange operators respectively.
Subsequently, the general CIS eigenproblem
can be written in this way:

Tr(faTa + fBTB) - 7\.C0 = 0, (A3)
T(te,1p) + €of g — Ay, = 0, (A4)
M(tp,7,,) + Cofgh - Mg =0, (A5)

where f, and fB are the standard Fock op-
erators (fy, = hTJ(p, + pB) - K(p,) etc.) for o-
and B-shells, and

%= = PP Thr = — pp)fppp (A6)

are the respective UHF gradients. Further-
more, A has the same meaning as in Eq. (8),
but now E is the current UHF energy
value:

E=Tr(h + [o)py + (h + fpppl/ 2. (AT)

All the computations can be suitably
done by using m-AO basis representation. In

particular, m-electron Roothaan’s operators
J and K (when acting on arbitrary X) are of
the form

J(X)p.v = Bp.vz, Ases K(X)uv = YuvAp.v’ (A8)
o

and 7, are customary two-center Coulomb
integrals for m-AOs. For singlet states,
1:[(‘ca,rl3) in Eq. (A2) is clearly reduced to
I[I(t) in Eq. (6) under restrictions (Al).
Explicitly,

I(t) = (I — P)[ft — tf + J(27) — K(1)]P.(A9)

Additionally, in each SCF step we use the
Lanczos method [49] for solving the key

Functional materials, 29, 3, 2022
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eigenproblem, Egs. (5) and (6), and this
usage is also critical for facilitating compu-
tations. It is convenient to introduce the
total linear operator, Q, which covers the
whole equation system (5) and (6). For sim-
plicity we consider the case of singlet
states. By definition, Q acts on composite
"vector™ X = {cy, T}, so that Q is of the
block structure form:

(oM

where alongside Il we introduce M acting on
cg, hamely, M(co) = @fphco. Evidently, Egs.
(5) and (6) are tantamount to the eigen-
problem

(A10)

QX)-2AX =0. (A11)

For completeness let us outline calcula-
tion of the lowest energy solution (recall
that A — 0 in the BT algorithm). For sim-
plicity consider a Krylov space of size 2
with two basis vectors: a current vector X,

and corresponding normalized gradient of A,
that is, the matrix X; = [QX,) - AoX,]/ ag»
where R

ho = (XgQAXo)s g = [2Xo) — AoXoll

In this basis set, Q is reduced to 2 x 2

matrix
o121 _ [ *o 9o
ag M

with A; = (X;/Q(X7)). Let {By, Py} be a nor-
malized eigenvector of A2]. Then the up-
dated vector ByX, + B;X; becomes the new
starting vector X, in the next Lanczos it-
eration cycle. Usually, it is sufficient to do
5 Lanczos iterations for yielding good qual-
ity solutions to Eq. (8), but for better con-
vergency we recommend to enlarge the Kry-
lov space to size 8 and work with Q3] ma-
trix computed in the same manner. In this
case, qne additionally constructs the vector
X, =[QUX,) - X, - ayXyl/a,, where 1/a,
is the, normalized factor, and
Ao = (Xo/Q(X,)). Then, by solving eigen-
problem for

(A12)

JPNCRY
QB1=| gy Ay @
0 a )"2
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(A13)

one produces the updated Lanczos approxi-
mation BoXo + By X; + BoX,, with {By, By,
By} being the Q3] lowest energy eigenvector.
As seen, no large-scale CIS arrays appear in
the above Lanczos iterations, and all the
computations are done only on one-electron
matrices given in AO basis set.
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