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1. Introduction
Nowadays, significant efforts of researchers 

and practitioners are focused on the develop-
ment of more sensitive and effective plasmonic 
hybrid structures for biosensors [1], catalysis [2], 
photothermal cancer therapy [3,4], controlled 

drug delivery [5,6], data carriers [7], waveguides 
[8-10], all-optical switching devices [8].

Optical properties of metallic nanoparticles 
have been actively studied during last decades. 
The importance of such studies is that metallic 
nanoparticles bridge the gap between the prop-
erties of an isolated atom and bulk material. 
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Добротність плазмонних резонансів та підсилення полів в околі сферичної 
металевої наночастинки А.В. Коротун, Г.В. Мороз, Р.Ю. Корольков

В роботі досліджено оптичний відгук сферичних металевих наночастинок з точки 
зору розсіювання та поглинання, а також такий наслідок збудження поверхневого 
плазмонного резонансу як підсилення електричного поля в околі наночастинок. Отримано 
співвідношення для визначення частотної залежності підсилення полів і розмірної та 
частотної залежностей добротності з урахуванням усіх механізмів релаксації. Наведено 
оцінки радіусів сферичних частинок різних металів, за яких внески поверхневої та 
радіаційної релаксації у ефективну швидкість релаксації є однаковими, а також радіусів, 
за яких ефективна швидкість релаксації буде мінімальною. Показано, що зменшення 
ширини лінії поверхневого плазмонного резонансу призводить до зростання як добротності, 
так і величини підсилення поля в околі наночастинок.
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The main advantage of noble metals is their 
unique optical properties, which are deter-
mined by the localized surface plasmonic reso-
nance (SPR). The localized SPR is the collective 
oscillations of conduction electrons at the inter-
face between metallic nanoparticles and their 
dielectric environment under the excitation by 
the incident electromagnetic wave. Thus, un-
der the action of an external electromagnetic 
field, free electrons of metallic nanoparticles 
begin to oscillate in phase with the electromag-
netic field; the frequency of these oscillations is 
called SPR frequency. The electrical component 
of the external electromagnetic field induces a 
force acting on conduction electrons, displacing 
them from equilibrium positions, and an un-
compensated charge is induced on the surface 
of the particle. The resulting restoring force 
causes dipole oscillations of all electrons with 
the same phase. Hence, plasmon can be consid-
ered as a harmonic oscillator excited by light. 
The electron cloud oscillates like a simple di-
pole parallel to the electric field of electromag-
netic radiation (Fig. 1).

The main result of excitation of localized SPR 
is the strong localization of light energy, which 
leads to an increase in the electric field near 
the surface of the particle [11]. The frequency 
dependence of the electric field enhancement 
for the spherical bimetallic nanoparticles was 
described in [12]. The local field enhancement 
is used in various applications, for example, in 
surface-enhanced Raman spectroscopy (SERS) 
[13-15], surface-enhanced fluorescence (SEF) 
[16], confocal microscopy [17], for increasing 
the efficiency of solar cells [18] and surface 
structuring [19].

The optical response of nanostructures is 
usually studied from the viewpoint of the scat-
tering and absorption. The absorption and scat-

tering spectra of nanoparticles have maxima at 
the frequencies of localized SPR. At the same 
time, the optical response is sensitive to mor-
phology, content, size, shape and geometry of 
the nanostructure [20-22]. An incident electro-
magnetic wave can be scattered or absorbed 
depending on the size of the nanoparticle. The 
absorption process dominates for particles with 
a diameter less than ~ 50 nm , while for larger 
particles the main process is scattering. In 
other words, while large nanoparticles are suit-
able candidates for the applications requiring 
strong scattering, small nanoparticles convert 
absorbed light into heat and act as miniature 
heat sources [23].

The ability of the plasmonic particles to ac-
cumulate energy is characterized by the Q-fac-
tor [24, 25]. As a rule, the Q-factor is small (
Q <102 ) compared to the values obtained for 
the dielectric resonators, were the typical val-
ues of the Q-factor are 105 for Fabry-Perot reso-
nators and up to 1011 for the whispering-gallery-
mode resonators. For plasmonic particles much 
smaller than the wavelength, the Q-factor can 
be calculated in a quasi-static approximation. 
No matter how the particle shape changes, the 
Q-factor value cannot exceed this limit value 
[26]. On the other hand, it is widely accepted 
that the Q -factor of a particle decreases with 
increasing particle size, which has been con-
firmed for spheres and cylinders [27, 28]. At 
the same time, it was established [29] that the 
Q-factor is a diagonal tensor for nano-disks of 
different metals. Moreover, in the vicinity of 
the SPR frequency, the transverse component 
of the Q-factor grows with increasing aspect 
ratio and significantly exceeds the longitudinal 
component.

The Q-factor is an important criterion which 
determines both the electromagnetic field en-

Fig. 1. Scheme of SPR excitation in spherical nanoparticles
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hancement [30], and applications associated 
with the surface-enhanced fluorescence [31]. 
The shape and sizes of the nanostructures [32] 
in addition to materials and compositions [33] 
significantly influence on the characteristics of 
the surface-enhanced fluorescence. The size of 
nanoparticles determines the scattering and 
absorption cross-sections, the location of SPR 
maximum and the localization of plasmons [33, 
34]. Variation of the particle size can increase 
the fluorescence enhancement coefficient [35]. 
Controlling and optimizing the fluorescence 
properties of certain types of materials has 
led to the widespread use of nanostructures in 
many fields, from optoelectronics to biological 
sensing [36, 37].

It should be noted that both radiative and 
volume-surface loss mechanisms contribute to 
the damping of collective electron oscillations 
and, as a consequence, broadening of the local-
ized SPR peak. [38-42]. The radiative mecha-
nism is caused by light re-radiation (scatter-
ing) losses and becomes negligible for small 
spherical metallic nanoparticles, resulting in 
a narrowing of SPR spectrum [39, 40]. The 
surface contribution increases and eventually 
dominates in the broadening of SPR peaks with 
decreasing particle size, leading to an intrin-
sic limit to the SPR Q-factor at small particle 
sizes. Size dependences of SPR frequencies on 
the shape and size of particles are well known 
(see, for example, [38]). The width of the SPR 
line, as believed in a number of experimental 
[43-46] and theoretical [39, 47-52] works, is a 
smooth function of the dielectric constant of the 
medium surrounding the particle. However, in 
[53, 54] it was proved that the width of the SPR 
line is an oscillating function of the dielectric 
permittivity of the matrix.

Thus, a change in the SPR line width leads 
to a significant change in the frequency de-
pendencies of the Q-factor. This problem has 
not been previously covered in the scientific 
literature, so its study is relevant. In view of 
the above, the aim of the work is to establish 
a relationship between the size and effective 
relaxation rate of nanoparticles, and the Q-fac-
tor and amplification of electric fields around 
nanoparticles, taking into account the results 
of the kinetic approach.

2. Field enhancement near particles
Let a spherical metallic nanoparticle with 

the radius R  is located in a dielectric medium 
with the permittivity m  (Fig. 2). The electric 

field enhancement in the vicinity of such a par-
ticle is determined by the relation [11]
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where r  is the distance between the center of 
the nanoparticle and the observation point, and 
the polarizability is described by the expres-
sion 
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In formula (2), V R= 4 33p  is the volume 
of a nanoparticle, and the dielectric function in 
the Drude model has the form
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where ¥  is the contribution of the crystal lattice 
into the dielectric function; wp ee n m= 2

0/ *  is 
the plasma frequency; e  and ne  are the charge 
and concentration of electrons, correspondingly 
( n re s= 3 4 3/ p ; rs  is the mean distance between 
electrons); 0  is the vacuum electric constant, 
and m*  is the effective mass of electrons; w  is 
the incident light frequency; geff  is the effective 
relaxation rate, which is determined by the ad-
ditive contribution of the mechanisms of bulk, 
surface and radiation attenuation:
 g g g geff bulk s rad= + + . (4)

It is known that bulk relaxation rate 
gbulk = const  for the particular metal, while the 
size-frequency dependencies of the surface re-
laxation rates and radiation attenuation for a 
spherical metallic nanoparticle have the form 
[34, 51-54]
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Fig. 2. Geometry of the problem
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where vF  is the speed of Fermi electrons; c  is 
the speed of light; ns v R= F 2  is the frequency 
of electron individual oscillations.

The frequency dependence of the Q-factor is 
determined by the relation
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We obtain the following expression for the 
dielectric function, taking into account (3)
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Further, for convenience, let us represent 
the expression (4) in the form
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We obtain the following expression from the 
relation (9)
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To obtain numerical results, we will use rela-
tions (1), (2) and (8) taking into account expres-
sions (3) and (9) – (11).

3. Calculation results and discussion
The frequency dependencies of polarizabil-

ity and field enhancement and the frequency 
dependencies of the Q-factor for spherical 
nanoparticles of different metals in different 
dielectric media have been calculated. The pa-
rameters of metals and dielectrics, required for 
the calculations, are given in Tables 1 and 2.

It should be noted that the surface scatter-
ing dominates in the case of relatively small 
nanoparticles, while, the radiation attenuation 
becomes noticeable for the relatively large par-
ticles. In this regard, it is of interest to deter-
mine the radii R0 of nanoparticles of various 

Table 1. Parameters of metals (see, for example, [34] and the references to them)

Metal
Parameter

Z r as / 0 m me
* / ¥ gbulk s, 1013 1-

Al 3 2.07
1.06

0.7 12.51.48
1.60

Cu
1 2.67

1.49 12.03 3.7
2 2.11

Au
1 3.01

0.99 9.84 3.45
3 2.09

Ag 1 3.02 0.96 3.7 2.50
Pt 2 3.27 0.54 4.42 10.52
Pd 2 4.00 0.37 2.52 13.9

Table 2. Dielectric permittivities of different matrices [55]

Value
Matrices

Air CaF2
Teflon Al O2 3 TiO2 C60

m
1.0 1.54 2.3 3.13 4.0 6.0
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plasmonic metals, for which the radiation at-
tenuation rate and the surface relaxation rate 
will be equal. From the condition
 g gs rad= , (12)
using (5) and (6) we have

 R c
p

0
3

9
2

2= +( )¥

w
  m m . (13)

Table 3 shows the calculated values of R0  
for several metals in certain dielectric media. 
The calculation results show that the value of 
R0  decreases in the Au Ag Cu Pt Al® ® ® ®  
metal sequence due to an increase in the plasma 
frequency. At the same time, R0  increases with 
increasing permittivity m  of the environment 
for particles of the same metal. The effective re-
laxation rate at the SPR frequency is minimal 
under the condition
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This expression is used to determine the 
radii of particles of different metals, at which 
the effective relaxation rate (SPR line width) 
is minimal, while the field enhancement and 
the Q-factor are maximal. Since the oscillating 
terms in (7) and (8) can be neglected compared 
to unity ( n ws  ), relation (9) can be rewrit-
ten:
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In this case, from the minimum condition

d
dR
geff = 0

we obtain
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The comparison of (13) and (17) allows us to 
obtain the relationship between R0  and Rmin  in 
the form:
 R R

min = 0
3 2

. (18)
The obtained results are confirmed by the 

graphs geff R( )  for Au and Ag particles (Fig. 3). 
Figure 4 shows the frequency dependencies 

of the real and imaginary parts and polariz-
ability modulus of spherical Ag nanoparticles 
of various radii in Teflon. It should be noted 
that with an increase in the nanoparticle ra-
dius, a shift in the minima and maxima Rea
and maxima Ima , a does not occur, while the 
extrema themselves increase with increasing 
particle radius, and the width of the SPR line 
decreases (geff

i( )  in curves 1, 2 and 3 in Fig.4, b). 
Moreover, there are small-scale oscillations in 
the graphs Ima w( )  with w< 2 5. eV , caused 
by kinetic effects, which manifest themselves 
in the specified frequency range.

The frequency dependencies of the field en-
hancement in the vicinity of Ag and Au nanopar-
ticles in Teflon are shown in Figure 5. As in the 

Table 3. The radii of nanoparticles at which expression (12) is valid

Metal R0 , nm
Air CaF2

Teflon TiO2
Au 54.24 59.12 64.39 73.15
Ag 43.40 52.55 58.11 67.47
Cu 40.16 43.70 47.47 53.69
Pt 29.17 32.16 35.46 41.02
Al 25.02 28.43 32.15 38.30

Fig.. 3. Size dependencies of SPR line width for 
Ag and Au nanoparticles at SPR frequency in 
Teflon
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case of polarizability, the enhancement maxi-
ma do not shift, and the enhancement reaches 
its highest values at the nanoparticle bound-

ary. Moreover, the spectral positions Gmax  for 
Ag and Au particles correspond to max Ima{ }  
for these metals.

Figure 6 shows the calculated frequency 
dependencies of the field enhancement in the 
vicinity of nanoparticles of different metals in 
Teflon and in the vicinity of an Ag particle in 
different dielectrics. The observed “blue” shift 
Gmax  in the Au Cu Ag Pd Pt Al® ® ® ® ®
sequence of metals is explained by the signifi-
cant difference in the optical properties of these 
metals, namely, an increase in the plasma fre-
quency wp  and a decrease in the contribution of 
interband transitions ¥  to the dielectric func-
tion. In turn, an increase in the permittivity of 
the surrounding dielectric leads to a “red” shift 
of the enhancement maximum. These features 
of the behavior of the enhancement maxima are 
fully explained by the dependence of the SPR 
frequency on the dielectric constant of the ma-
trix, which in the non-dissipative approxima-
tion has the following form:

 w
w

sp
p=
+¥ 2 m

. (19)

Figure 7a shows frequency dependencies of 
the enhancement in the vicinity of Au and Cu 
nano-spheres in Teflon (taking into account dif-
ferent valences). Since an increase in valence 
leads to an increase in the concentration of 
conduction electrons, in turn, both the plasma 
frequency wp  and the SPR frequency increase. 
Hence, an increase in valence leads to a “blue” 
shift of the field enhancement maxima in the 
vicinity of nanoparticles. 

The curves G w( )  for Al nanoparticles in 
Teflon (Fig. 7, b) indicate an indirect possibility 
of determining the effective mass of electrons 
in metals from experimental values of the SPR 
frequency for spherical nanoparticles.

Fig. 4. Frequency dependencies of the real (a) and 
imaginary (b) parts, and polarizability modulus 
(c) for spherical Ag nanoparticles in Teflon with 
various radii: 1 – R =15 nm ; 2 – R = 30 nm
; 3 – R = 50 nm .

Fig. 5. Frequency dependencies of the field enhancement factor for spherical Ag (a) and Au (b) nanopar-
ticles of R = 30 nm radius in Teflon: 1 – R r = 0 4. ; 2 – R r = 0 6. ; 3 – R r = 0 8. ; 4 – R r =1 0. .
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Figure 8a shows the frequency dependencies 
of the Q-factor for Au nanoparticles of different 
radii in Teflon. It should be noted that there 
are noticeable oscillations Q w( )  in the near 
infrared region, at the same time, these oscil-
lations become insignificant at w> 0 5. eV . 
These oscillations are a manifestation of kinetic 
effects which are significant in the near-infra-
red region of the spectrum, while in the opti-

cal frequency range they practically do not ap-
pear [56]. Moreover, in the optical range, the 
Q-factor increases linearly with increasing fre-
quency; and for any frequency, the Q-factor is 
greater for the particles of larger radius. This 
is due to the fact that the calculations are given 
for the particles with R R< 0 , where the surface 
scattering predominates and the Q-factor grows 
with increasing particle radius.

Fig. 6. Frequency dependencies of the field enhancement factor in the vicinity of spherical nanoparticles (
R = 30 nm ; R r = 0 6. ) of various metals in Teflon (a) and Ag nanoparticles in various media (b)

Fig. 7. Frequency dependencies of the field enhancement factor in the vicinity of spherical Au and 
Cu nanoparticles with different valence (a), and Al nanoparticles in Teflon (b) with R = 30 nm  and 
R r = 0 6.

Fig. 8. Frequency dependencies of the Q-factor for spherical Au nanoparticles of different radius (a) and 
the size dependencies of the Q-factor for Ag and Au nanoparticles at SPR frequency (b) in Teflon
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Figure 8b shows the size dependencies of the 
Q-factor at the SPR frequency for the Ag and 
Au nanoparticles in Teflon. Note, that the max-
imum Q-factor corresponds to the minimum 
of the effective relaxation rate and is achieved 
under the condition (14). The maxima of Q R( )  
(Fig. 8, b) and minima of geff R( )  (Fig. 3) at 
w w= sp  for the spherical Au and Ag particles 
are achieved at R R= min . At the same time, an 
increase in radius of nanoparticles leads to a de-
crease in the Q-factor at R R> min  (when radia-
tion attenuation dominates).

4. Conclusions
Relationships are obtained to determine 

the frequency dependence of polarizability, the 
field enhancement factor in the vicinity of a 
metal spherical nanoparticle, and the Q-factor, 
taking into account the volumetric, surface and 
radiation attenuation.

It has been established that an increase in 
radii of nanoparticles leads to an increase in 
the extreme values of the real and imaginary 
parts and the polarizability modulus; however, 
at the same time, the size shift of the SPR fre-
quency is absent.

It has been shown that the frequency de-
pendence of the field enhancement as well as 
the imaginary part of the polarizability has a 
single maximum corresponding to the surface 
plasmonic resonance, and an increase in the 
radius of nanoparticles does not lead to a spec-
tral shift. In turn, the field enhancement at the 
nanoparticle-environment interface is maxi-
mum.

The calculations of the enhancement in the 
vicinity of nanoparticles of different metals 
and silver nanoparticles in different dielectrics 
show a blue shift of the enhancement maxima 
in the metal sequence from gold to aluminum, 
and a red shift of the maxima with increasing 
environment permittivity. This behavior of the 
enhancement maxima is explained by the cor-
responding dependence of the SPR frequency 
on the metal optical parameters and permittiv-
ity of environment.

It has been demonstrated that an increase 
in valence and a decrease in the effective mass 
of electron leads to an increase in the SPR 
frequency due to increasing frequency of bulk 
plasmons. At the same time, the obtained re-
sults indicate the possibility of indirect deter-
mination of the effective electron mass from the 
spectroscopic experiments.

The frequency dependences of the Q-factor 
contain noticeable oscillations in the infrared 
range due to kinetic effects, whereas the Q-
factor increases almost linearly with increas-
ing frequency in the visible and ultraviolet re-
gions.

It has been proved that the maximum val-
ue of the Q-factor at the SPR frequency corre-
sponds to the minimum of the effective relax-
ation rate. It has been shown that the fact of a 
decrease in the Q-factor with increasing radius 
of the spherical nanoparticle, described in the 
literature, takes place for the particles with the 
radius larger than the radius corresponding to 
the minimum of the effective relaxation rate.
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