ISSN 1027-5495. Functional Materials, 33, No.2 (2026), p. 353-361
doi:http://dx.doi.org/10.15407/fm33.02.353 © 2026 — STC “Institute for Single Crystals”
This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

Dimensionality reduction of predictor
variables for solubility prediction of impurities
in copper-based solid solutions

V.O. Shyiatyi®, .M. Kolupaiev

National Technical University “Kharkiv Polytechnic Institute”,
2 Kyrpychova St., 61002, Kharkiv, Ukraine
*Corresponding author: e-mail: vladyslav.shyiatyi@mit.khpi.edu.ua

Received May 20, 2025, approved April 7, 2026

The article addresses the problem of predicting the solubility of impurities in copper-based
solid solutions using multi-model techniques and reducing the dimensionality of predictor sets.
Classical approaches (Darken—Gurry diagram, Hume—Rothery rules) and modern criteria based
on atomic, electronic, and structural parameters are reviewed. The study proposes the Fuji mod-
el with the “distance to the copper point” metric in a multidimensional predictor space. Data pro-
cessing involved normalization and principal component analysis (PCA), enabling dimensional-
ity reduction and assessment of the relative contribution of individual predictors to the variation
of the feature set. The results were visualized using box plots, biplots, and Pareto diagrams,
highlighting the influence of specific properties on data variation. Correlation distances between
the reference material (Cu) and impurities (Ti, Pd, Mo, Cr, V) showed qualitative agreement with
the empirical solubility rankings. The findings indicate that the Fuji model combined with corre-
lation distance is an effective tool for qualitative predicting solubility trends and can be further
improved by integrating additional physical parameters. This work opens new prospects for the
development of quantitative solubility assessment methods in materials science.

Keywords: solid solutions, copper, impurity solubility, multivariate analysis, PCA, Fuji
model, correlation distance.

3MeHmEeHHA PO3MipHOCTI HAOOPY MPETUKTOPIB JJisi HPOTHO3IYBAHHSA POIYMHHOCTL
JOMIIIOK B TBEpPauX podunHax Ha ocHoBi mini. B.O. [Ilusmuii, I.M. Konynaes

V crarTi po3risgHYyTO Ipo0JIeMy IIPOrHO3YBAHHS PO3UMHHOCTI JOMIIIOK Y TBEPAUX PO3UMHAX
HA OCHOBI1 MiJl 13 BUKOPHCTAHHAM 0araToMoIe/IbHUX METOIMK Ta 3MEeHIIeHH pO3MipHOCTI Habopy
npenukTopiB. IlpoBemeno orusim wiracmunmx migxomis (miarpama Jlaprxewma—I'yppi, mpasumia
X’rom—Posepl) Ta cyvacHUX KpHUTepiiB, 10 BPAXOBYIOTH AaTOMHI, €JIEKTPOHHI ¥ CTPYKTYpPHI
mapamMeTpu. 3ampooHOBAHO BUKOPUCTAHHS Moze i Fuji 3 MeTpHUKO «BifcTaHl 10 MITHOT TOTKI»
y bGaratoBumipHOMY IIpocTOpl mpeawkTopiB. Jjist 00poOKmM JaHWUX 3aCTOCOBAHO HOPMAJII3AII0
ta Mmeron rosoBHUX KomroHeHT (PCA), mo maso 3mory 3MeHIINTA PO3MIPHICTH JAHUX Ta
OITIHUTH BIJJHOCHHWI BHECOK OKPEMUX IIPEIUKTOPIB y Bapialiiio Habopy osuak. Pesynbratu Oy
BI3yaJsIi30BaHl 3a JIOIIOMOroI0 OOKc-miarpam, aBojiarpaM Ta jgiarpam llapero, 1o 103BOJIHIIO
BHU3HAYNTH BIUIMB OKPEMHX BJIACTUBOCTeH Ha Bapiaiio manux. O0YMCIIeHHS KOPeJsIiiHuX
BizmcTaHen Misk erasionHuM Marepiasom (Cu) ta gomimkamu (Ti, Pd, Mo, Cr, V) mokasaso akicuy
Y3rOMKEHICTh 3 eMINPUYHUMU PedTUHraMu pos3dyuHHOCcTi. OTpuMaHl pes3ysbTaTH CBIAYATH, IO
Mozesb Fuji i3 3acTocyBaHHAM KOpEJIALIIAHOIL BiICTaHl € epeKTUBHUM 1HCTPYMEHTOM /IS SKICHOI'O
IPOrHO3YBAHHSA TEHIEHIIN PO3YMHHOCTI TAa MOKe OyTH BIOCKOHAJIEHA ILISAXOM I1HTerpainl
JI0IATKOBUX (PI3MUHUX mapameTpis. PoboTa BigkprBae mepCrieKTUBY PO3SBUTKY METO/IIB K1JIBKICHOT
OITIHKYM PO3UMHHOCTI B MATEP1aJI03HABCTBI.
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1. Introduction

In this paper, the solubility of selected me-
tallic impurities in copper used as the matrix of
a solid solution is investigated. The study deals
not with an arbitrary multicomponent solid so-
lution, but specifically with binary systems of
the Cu-X type, where Cu is the solvent and X
is the impurity. This clarification is important
for materials science since even small additions
of impurities can significantly affect the phase
composition, mechanical properties, and the
technological behavior of the material.

In this study, predictors are defined as quan-
titative physical characteristics of elements
that may affect the solubility of impurities in
copper. Such characteristics include atomic ra-
dius, electronegativity, melting temperature,
elastic moduli, heat capacity, and other param-
eters. The use of a set of predictors makes it
possible to move from isolated empirical rules
to a multidimensional description of the simi-
larity of impurities to copper.

Classical approaches to solubility assess-
ment, in particular the Hume-Rothery rules
and the Darken-Gurry diagram, are useful
for qualitative analysis. However, they rely
on a limited number of criteria and do not al-
ways allow for a consistent consideration of the
combined influence of several physical factors.
Therefore, this work uses a multidimensional
approach based on predictor normalization,
principal component analysis, and estimation
of the distance from impurities to the “copper
point” in feature space.

One way to formalize this problem is to con-
sider systems in the space of physical predic-
tors. In this approach, each chemical element is
described by a set of numerical characteristics,
and the degree of impurity similarity to copper
can be estimated from the distance between the
corresponding points in the feature space. This
makes it possible to move from purely qualita-
tive judgments to a more systematic comparison
of impurities both with each other and with the
reference material. In [3] it is assumed that the
solubility of the impurity can be estimated at
the boundary of the simple solid solution (SSS)
region. One of the components (Cu) is treated
as the solvent (the “zero copper point”), and the
solubility limit of other elements in copper is
determined from empirical data, for example
the maximum solubility values reported in [4],
or specialized criteria such as the threshold of
5 at.% [5].
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The concept of SSS at the nanoscale is dif-
ficult to define, as discussed in [6]. Crossing the
solubility limit implies the formation of a “new”
phase: an amorphous phase (ASS), an interme-
tallic compound (IM), and so on. At the nanoscale,
the local concentration region may become com-
parable to the structure of a high-entropy alloy
(HEA). Therefore, the same predictive descrip-
tors proposed by HEA researchers can be taken
into account when modeling solubility through
the definition of the “distance to the zero copper
point” in a multidimensional predictor space.

The aim of this work is to propose a quan-
titative metric of the “distance to the copper
point” in a multidimensional space of normal-
ized predictors and to verify its consistency
with reference solubility rankings for binary
Cu-X systems (X =Ti, Pd, Mo, Cr, V).

The scientific novelty of the work includes
the following: (1) a formal definition of the met-
ric based on the correlation distance between
normalized property vectors; (2) a demonstra-
tion of qualitative agreement with empirical
rankings [7]; (3) a methodological assessment
of sensitivity to predictor composition (PCA
loadings and predictor analysis).

To achieve this goal, the following steps were
carried out: (1) formalization of the “distance to
Cu”; (2) a unified workflow (normalization ->
PCA -> metric -> comparison with rankings);
and (3) visualization and interpretation of the
influence of characteristics.

2. Analytical review

The Darken-Gurry (D-G) diagram [4] demon-
strates the arbitrariness of choosing a solubili-
ty/insolubility criterion (Figs. 1 and 2): it would
be more appropriate to attempt to predict the
initial solubility value itself. The core idea is to
use, at the qualitative level, the distance to a
defined point (impurity) in a two-dimensional
predictor space as a solubility metric.

Delta is the root-mean-square difference in
atomic sizes, and “6.6” is a conventional bound-
ary that can separate solid solutions, for exam-
ple FCC and BCC, from amorphous phases/in-
termetallics. The results of the tests in [7] con-
firm that the atomic size has the strongest effect
on solubility, whereas the structural parameter
has the weakest influence. There is still some
uncertainty regarding the relative roles of elec-
tronegativity and valence. In materials science,
data sets are limited either inherently, since the
number of elements is finite, or by extrinsic con-
straints, since experiments are expensive.
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Fig. 1. Phase separation scheme in the plane
of two predictors. Axes: X - atomic radius mis-
match; Y - mixing enthalpy. Conventional re-
gions: SSS (simple solid solution), IM (interme-
tallics), AM (amorphous structure). Reproduced
from [2] . without changes. License: CC BY-NC-
ND 4.0 (https://creativecommons.org/licenses/
by-nc-nd/4.0/)
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The initial impurity parameters that actu-
ally determine the solubility limits of each al-
loy system (ranking according to reference data
[7]) can be expressed in two ways: (1) using a
specialized criterion — if the solubility of an im-
purity in a metal solvent exceeds 5 at.%, the
impurity is considered soluble in it [5]; and (2)
using the maximum solubility limits for each
alloy system obtained from empirical data.

For a qualitative assessment of solubility, a
classical approach based on the Hume-Rothery
criteria is used [5, 6]. The most commonly con-
sidered characteristics are atomic size, electro-
negativity, valence, and crystal structure. In
this work, three quantitatively interpretable
factors are used for further formalization: the
size factor, the electrochemical factor, and the
relative valence factor.

For each of these factors, a binary indicator
is introduced: a value of 1 corresponds to fulfill-
ment of the compatibility criterion, whereas a
value of 0 corresponds to its violation.

1. If the difference in atomic diameters ex-
ceeds 14%, the size factor is considered unfa-
vorable and the corresponding binary indicator
takes the value 0. If this condition is not vio-
lated, the indicator equals 1.

2. If the valence of the solvent atom is lower
than the valence of the impurity atom, the rel-
ative valence factor is considered unfavorable.
In this case, the corresponding indicator takes
the value 0; otherwise it equals 1.
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Fig. 2. General relationship between strength
and atomic-size difference (6) for HEAs, inter-
metallics, and amorphous materials. Repro-
duced from [18] without changes. License: CC
BY-NC-ND 4.0 (https://creativecommons.org/li-
censes/by-nc-nd/4.0/)

3. If the difference in electronegativity be-
tween the solvent atom and the impurity atom
exceeds 0.4, the electrochemical factor is con-
sidered unfavorable and the corresponding in-
dicator equals 0. If the difference does not ex-
ceed this threshold, the indicator equals 1.

Thus, in the simplified formulation, the
problem is reduced to the classification of sys-
tems by a set of binary features reflecting ful-
fillment or non-fulfillment of the basic solubil-
ity criteria.

A modified criterion of 15% for diameter dif-
ference (predictor 1), mentioned by Darken and
Gurry, was used (in comparison with 14%, [6])
for 60 alloys. A small difference was found: the
percentage error in predicted results based on
experimental data for the entire data set us-
ing the 15% criterion was slightly smaller than
that obtained with 14%. Such a comparison
indicates that structural parameters (predic-
tor 2) do not play a significant role in solubil-
ity when the 5 at.% solubility limit is taken as
the threshold value. The use of this threshold
at any temperature is not sufficiently accurate,
and the solubility limits cannot be predicted
precisely within such an approach. Most of the
data relate to the region of low solubility of the
substituent atoms, where the substituent at-
oms have a low coordination number.

Another reason is that the numerical repre-
sentation of structure hides its crystallographic
features. The structure parameter is used to
assess a solubility criterion that itself may be
approximate. Thus, the development of a more
objective solubility criterion remains a relevant
task.
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The question remains: which of the four pre-
dictors - (1) atomic size, (2) valence, (3) struc-
ture, or (4) electronegativity — has the great-
est influence, even if we assume their unequal
contributions? Atomic size, valence, and elec-
tronegativity provide the most accurate solu-
bility prediction, with atomic size having the
strongest influence, followed by electronegativ-
ity. In general, the solubility limit is mainly de-
termined by these factors (predictors), and it is
their interaction that makes the results so com-
plex [6, 8, 9]. The rules work adequately only as
approximate guidelines.

If we “stand where Darken and Gurry stood”
but with the added benefit of modern analyti-
cal methods and a large number of physical
parameters of metals given in reference books
[10], we can try to replace the two-dimensional
qualitative diagram with a multidimensional
quantitative metric. The main idea of Darken
and Gurry (D-G) can be illustrated using a dia-
gram with only two predictors: atomic radius
and electronegativity. Visually, they define a
plane in which the third coordinate is solubil-
ity. The “geometric” D-G diagram model leaves
the concept of “distance” open for discussion,
since each predictor is measured on its own
scale. In addition, their numerical values dif-
fer significantly in magnitude. The key prin-
ciple can be thought of as measuring the dis-
tance to the “solvent point,” assuming that like
dissolves like. The Darken-Gurry parameters
(D-G) are considered sufficient only as a first
approximation.

In addition to determining the relative im-
portance of predictors, the goal is to investigate
the influence of the format of the input param-
eters.

3. Materials and methods

A set of ten predictors characterizing the
physical properties of impurities was consid-
ered: E_ - electronegativity, Cp - heat capacity,
T, - melting temperature, E_ - bonding energy
parameter, Y, - Young’s modulus, H,, - Vickers
hardness, A, - atomic radius, V,, - molar vol-
ume, Ny - nearest-neighbor distance, @, - heat
of evaporation. Ti, Pd, Mo, Cr and V impurities
were analyzed.

Normalization. Standard Z-normalization
[9] was applied to all features:

X' = (x—plo, (1)

where ¢ and o are, respectively, the mean value
and standard deviation of a given feature over
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a set of elements. Normalization removes the
dominance of scale and units of measurement
and does not equalize the contributions of the
features themselves; these contributions are
evaluated separately. To reduce the dimension-
ality and identify the most informative combi-
nations of predictors, the principal component
analysis method was applied to the matrix of
normalized features. In this process, the pro-
portions of explained variance were analyzed
to assess the appropriateness of using multiple
principal components, and predictor loadings
were analyzed to provide a physical interpreta-
tion of the resulting components.

Distance metric. The correlation distance
between the “Cu” vector and the X vectors was
calculated as

d,, (x.y)=
1 >l =)y - ©2)
\/Zle(xf —l) \/Z,’;(yj i)

which corresponds to the ‘correlation’ mode in
pdist2 [9].

The model implementation algorithm is as
follows: (1) formation of the feature matrix; (2)
Z-normalization; (3) PCA (variance, loadings);
(4) calculation of d,,,. for each X; (5) construc-
tion of a relative estimate and comparison with
rankings; (6) sensitivity by “feature exclusion”;
(7) visualization (biplot/boxplot [9]).

Reproducibility. The model was implement-
ed in MATLAB [10] (pca, pdist2(‘correlation’),
ete.).

Formal definitions and references are given
in Appendix A.

4. Results

The algorithm proposed in this study [10]
investigates the ability of impurities to form
simple solid solutions (SSS) with copper using
a combination of data analyses, dimensionality
reduction (principal component analysis, PCA),
and visualization. The normalized data serve
as input to the analytical workflow. Although
PCA and data normalization are not machine-
learning algorithms in the strict sense, they are
essential components of a modern data analysis
workflow. A comparative analysis was carried
out between the reference material (Cu 100%)
and several other elements (metals Ti, Pd, Mo,
Cr, and V).

The properties of impurities are described
by an arbitrary set of features (predictors).

Functional Materials, 33, 2, 2026
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Fig. 3. Example of a boxplot of ten predictors for
selected impurities in copper (TP, ‘Pd’, ‘Mo’, ‘Cr’,
V') after normalization [10].

These properties include, in particular: elec-
tronegativity E,_; heat capacity Cp; melting
temperature 7 ; bonding energy parameter
E_; Young’s modulus Y, ; Vickers hardness H.;
atomic radius A,; molar volume V| ; nearest-
neighbor distance INy; heat of evaporation @,.
The reference material is defined as a separate
variable containing an identical set of proper-
ties for pure copper (Cu 100%).

Normalization, as a preprocessing stage, 1s
required to scale the data of all elements (in-
cluding the reference material) to a common
range. This makes it possible to apply principal
component analysis (PCA) efficiently, since it is
based on evaluating the relative importance of
characteristics [4].

The boxplot is an effective tool for visualiz-
ing the distribution of each property across all
elements, allowing a quick assessment of the
range, median, and possible deviations for each
predictor.

Principal component analysis (PCA) is ap-
plied to the matrix of normalized data to identi-
fy the key latent factors that explain variation
among the elements. In particular, the first two
principal components can explain a significant
proportion of the variance in the data. PCA is
a statistical method used to reduce data dimen-
sionality while retaining maximum variability.

The results of principal component analysis
are presented in Fig. 4 [10] as a two-dimen-
sional projection of the normalized data onto

Functional Materials, 33, 2, 2026
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Fig. 4. Projection of normalized data in the space
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central region for better distinction of labels and
the relative positions of elements and predictors
[10].

PCA — Explained Variance by Component
102%

=)
£=)

e% —
@

34%

50 47%

-3
=]

o
Cumulative %

B Explained Variance 6!
—e— Cumulative %

% Variance
b3
o

15%

~N
=]

6%

2 3
Component

Fig. 5. Pareto chart of the proportions of ex-
plained variance for principal components, used
to justify the choice of a two-component data
representation [10].

the first two principal components. In this
figure, the points correspond to individual el-
ements, while the lines reflect the directions
and relative contributions of predictors to the
formation of the new coordinates. This visual-
ization makes it possible to assess the position
of impurities in the reduced feature space and
qualitatively analyze the role of individual pre-
dictors in separating the elements.

Figure 5 presents a Pareto chart showing
the contribution of principal components to the
explanation of the total variance of the data
set. It can be seen that the main share of varia-
tion is concentrated in the first components;
therefore, the use of a two-dimensional repre-
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formation of the two-dimensional feature space.

sentation for further interpretation is justified.
Thus, Fig. 5 serves not merely as an illustra-
tion but as a methodological justification for
selecting the first two principal components for
further analysis.

Figure 6 makes it possible to assess which
predictors form the first two principal compo-
nents. From the absolute values of the load-
ings, it can be concluded that the most notice-
able contribution to the structure of the reduced
feature space comes from predictors related to
mechanical and energetic properties, in partic-
ular H, T\, Y, and E_. This indicates that the
similarity of impurities to copper is determined
not by one single factor, but by a combination
of several physical characteristics. Therefore,
PCA in this work is used not only for dimen-
sionality reduction, but also for interpreting
the relative role of predictors in the problem of

solubility prediction.

5. Calculation and comparison
of distances

The distance array is calculated as pairwise
distances in a multidimensional space between
the reference material (Cu 100%) and all other
elements using the pdist2 function with the
“correlation” distance metric [11]. This met-
ric quantifies the similarity between two data
points based on the correlation of their respec-
tive properties. The visualization and compari-
son results are presented in Fig. 7.

Figure 7Ta presents the A -E  predictor plane,
which is the closest two-parameter analogue of
the classical Darken-Gurry diagram. Figure
7b presents an alternative C -Y _ plane, which
makes i1t possible to verify whether qualita-
tive solubility ranking is preserved for another
choice of predictors. In both cases, a common
trend is observed: elements located closer to the
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Fig. 7. Comparison of predicted solubility with
ranking-based assessment [4] for five impurities.
Figure a shows the dependence of the solubility
ranking on the distance to the “copper point” in
the Ar-En predictor plane. Figure b shows an
analogous dependence for the Cp-Yn[1 predictor
plane.

“copper point” in the feature space correspond
to a higher level of solubility. Complete quanti-
tative agreement is not observed, which can be
explained by the small sample size and by the
dependence of the result on predictor composi-
tion. Thus, the figure confirms the qualitative
applicability of the approach and also shows
the limitations of its applicability within the
existing data set.

The presented graphs make it possible to
visually assess the degree of similarity of each
element (in the geometric sense of multidimen-
sional predictor space) with the reference mate-
rial for different mixing ratios on the basis of
correlation distance.

The performed analysis helps identify ele-
ments that are most similar to the reference
material (the solvent) in terms of physical and
chemical properties, which may be useful in
materials selection or alloy design. However,
due to the limited amount of data, the clas-
sification does not appear to be convincing
enough: only five metals and ten parameters
(predictors) were analyzed. Reference data for
impurity metals are available only for a limited
number of elements. The use of principal com-
ponent analysis (PCA) for visualization by pro-
jecting the data into the two-dimensional space
of principal components is justified only if the

Functional Materials, 33, 2, 2026
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first two principal components together explain
a significant proportion of the total variance in
the data.

As is well known, principal components are
generally difficult to interpret, which reduces
their practical meaning. This is often a serious
limitation for PCA users. The PCA method is
highly sensitive to the scale of features. Vari-
ables with larger variance dominate the prin-
cipal components. Therefore, standardizing the
data in advance is a good idea.

Each PCA component is characterized by a
certain fraction of the total variance of the data
set. The cumulative proportion of explained
variance is calculated as the sum of the contri-
butions of the individual components.

6. Discussion of results

The obtained d .. values demonstrate qual-
itative correlation with the reference rankings
[15-17] (Fig. 7), which is consistent with the
principle that like dissolves like in a multidi-
mensional feature space. PCA loadings and ab-
lation tests showed a non-uniform contribution
of predictors with parameters related to atomic
size and bond energy having the greatest in-
fluence, while structural indices were less sig-
nificant in our demonstration subset. The data
volume (X = 5) and the variability of reference
values mean that the results are demonstrative
in nature, although the methodology is clearly
defined.

The potential of the proposed model is based
on the flexibility in choosing both the number
and the physical nature of predictors, and this
can lead to both advantages and limitations.

Four key factors limiting the predictive ca-
pability of the model should be recognized: (1)
the limited accuracy of the model itself; (2) the
insufficient amount of training data; (3) the
generalized nature of D-G diagrams as a set of
guiding principles; and (4) the possible impreci-
sion of the available experimental data.

Precisely determining the “atomic diam-
eter” of an element is difficult because it de-
pends on nearest-neighbor distances in a pure
metal crystal, as well as on the influence of the
coordination number on the effective atomic ra-
dius. The concept of a characteristic size based
on a model of contacting hard spheres is ques-
tionable. The simplified assignment of a single
atomic diameter to each element, without tak-
ing into account its environment and the va-
lence of the solvent and solute is not accurate
enough. It was previously assumed that a met-
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al with a lower valence was more likely to dis-
solve a metal with a higher valence than vice
versa. However, more detailed studies based on
the data of [4] did not confirm this hypothesis.

Accurately predicting solid state solubility
limits remains challenging, especially given
scale effects in nanosystems. Predictors can be
classified into the following categories:

Thermodynamic: melting temperature (7)),
density (D,), Debye temperature (77, electro-
negativity (E,), heat capacity (Cp), bonding en-
ergy (E,), etc.

Deformation-related: sound velocity (trans-
verse wave, S,), Young’s modulus (Y, )), Vickers
hardness (H,), etc.

Structural: atomic radius (4,), molar volume
(V,,), nearest-neighbor distance (V).

This model offers materials scientists an
innovative data-analysis tool for quantitative
solubility prediction, although the theoretical
basis of the model still remains insufficiently
transparent for reliable forecasts. The solubil-
ity addressed by the model is based on the as-
sumption of impurity solubility at the bound-
ary of the simple solid-solution (SSS) region.
One of the components (Cu) acts as the solvent
(the “zero copper point”), whereas the solubility
limit of other elements in copper is determined
from the data in [4].

Defining SSS at the nanoscale poses sub-
stantial difficulties widely discussed in the lit-
erature [14]. Crossing the solubility limit leads
to the formation of a new phase, for example
an amorphous phase or an intermetallic com-
pound. At the nanoscale, the local concentra-
tion region may exhibit properties of high-en-
tropy alloys (HEAs).Therefore, the predictive
descriptors proposed for HEAs may be useful
for modeling solubility by determining the “dis-
tance to the zero copper point” in a multidimen-
sional predictor space.

Conclusions

Z-normalization of features (1) removes the
influence of measurement units and scales, en-
suring the correct combination of heterogeneous
predictors in a single space. It does not equalize
the physical importance of the features: rela-
tive contributions were evaluated by PCA load-
ings and feature-exclusion tests, which showed
the dominance of parameters related to atomic
size and energy.

The correlation distance is an effective in-
dicator of element “closeness” to the “copper
point” in the multidimensional space of the
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model. Comparison with alternative metrics
showed that the correlation distance best re-
flects the relevant similarities between ele-
ments: it takes into account not only absolute
differences in feature values, but also the struc-
ture of relationships between predictors, there-
by ensuring higher accuracy of the qualitative
assessment of solubility.

The proposed approach demonstrates quali-
tative correlation between the calculated dis-
tance to the “copper point” and the ranking-
based solubility assessment from compiled
reference data: elements located closer in the
feature space show higher predicted solubility
in copper, which is consistent with established
empirical observations.

The visualizations support model valida-
tion. In particular, Fig. 7 provides a clear veri-
fication tool: a consistent trend is observed be-
tween the distance in the feature space and the
qualitative solubility ranking, which enhances
the interpretability of the results and facilitates
checking the adequacy of the model within the
proposed predictor set.

Application of the model with the correlation
distance opens prospects for the further devel-
opment of multidimensional solubility analysis:
the integration of additional predictors (includ-
ing structural-electronic ones), as well as the
exploration of alternative metrics and their en-
sembles, can improve the accuracy and reliabil-
ity of predictions for a wider class of systems.

APPENDIX A. Definitions of metrics
and functions

A.1. Correlation distance. For two fea-
ture vectors x, y € R"p, we define

d,,, (x.5)=1-p(x.y)

where p(x, y) is the Pearson correlation coeffi-
cient:

p(x,y)= 2% —F) )
IS =3 [T )

_ 1 _ 1
X = ;Zj:lxj Y= ;Zj:ryj

This metric is invariant to linear rescaling
of features and is appropriate when the struc-
ture of interrelations between predictors is
important rather than only their absolute dif-
ferences. In MATLAB, correlation distance is
implemented as the ‘correlation’” mode of the
pdist2 function (see [Al]).
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A.2. PCA (principal component analy-
sis). For the data matrix X € R*{nxp} (rows are
observations, columns are variables), PCA com-
putes orthonormal directions of maximum vari-
ance and the corresponding loadings/scores. By
default, MATLAB (pca) centers the data and
uses SVD; if a covariance/correlation matrix is
available, pcacov is used (see [A2], [A3]).

A.3. Additionally. For pairwise distances
within a single set, pdist is used, while for dis-
tances between two sets of observations, pdist2
is used (this is exactly the option applied to
calculate distances between the “copper point”
and the five elements) - see [A1], [A4].

A.4. Software implementation. The full
text of the software implementation has been
moved to the Supplementary Materials as a
separate file. The main text of the paper con-
tains only the formal definitions of the metrics
used, the main stages of the algorithm, and a
reference to the code repository [10].
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